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OPERATOR DUALS OF SOME SEQUENCE SPACES 


N. RATH 


Department of Mathematics, R. D. Women’s College 
Utkal University, Bhubaneswar 751 007 


(Received | February 1988; after revision 30 November 1988) 


The object of the present paper is to determine some generalized Kéthe- 
Toeplitz duals which generalize and unify corresponding earlier results of 
Maddox. 


§1. Throughout the paper we take E and F to be complex seminormed spaces 
and (At) to be a sequence of linear operators on E into F. Throughout P = (px) 
denotes a strictly positive sequence of elements and U denotes the unit ball in E. The 
following notations are used : 


B (E, F) = the space of continuous linear operators on E into F. 
W (E) = {the space of all sequences of elements of FE} 

D 
Co (p, E)= {x = (xt) © W(E) | llxel] > 0 ask > 0} 


C (p, E) = {x = (xr) € W(E) | there exists 7 € E with 
eet | <> Ontas-k-»6o) 
1 (p, E) = {x = (xt) € W(E) |B Il xe IY < 00}. 


If we take E = F = C, the set of complex numbers, these spaces reduce to the 
already familiar spaces Co (p), c (p) and 1 (p) respectively. The most common of these 


spaces are Co (E), C (E) and / (E) which we obtain by putting E = F and pe = 1 for 
aie 1. 


The « - and B-duals of Kéthe were generalized by Robinson® who replaced scalar 
sequences by sequences of linear operators. Accordingly, we define « and B duals of 
a subspace X of W (E£) by 


X* = {(Ax) | = || Ax xx || converges for all x = (xz) € X} 
k 


X® = {(Az) | & Ax xe converges in F for all x = (xz) € X}. 
k 
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Clearly X* C X® if Fis complete and the inclusion may be strict. 


In Theorem 1, we compute Co(p, E) for all pr = O(1), which includes the 
duals Co*(E) and Co* (p), computed earlier by Maddox?4. Similarly generalising 
earlier results, the duals /®(p, E) for pe < 1, 1* (p, E) for pe > 1, C*(p, E) and 


[*, (p, E) are obtained in Theorems 3, 4, 2 and 5 respectively. 
§2. The following lemmas are used in providing the theorems Of this paper. 
Lemma 1—If p > 1 and fe + e = 1], then for any complex numbers x and y 


[xy] < [xe N-elp +N | y| 2 
where N is any positive integer. 


This follows from the well known inequality, (see for instance Hardy and 
Littlewood!, p. 17) 


a b@<aa+fbh,0<e,1>8,0<a4,0€b,24+8= 
by putting 
= 1[p, B = lJgq, a = Ni>| y| , b9 = Nl | x |. 
Lemma 2, (Maddox?, Theorem 1)—If pe 1, for all k > 1, then 


BPi=} VU (x = Gx) | E | xe |" Naewdene 
N>1 


| ] 
h as sh. os 
where os + ao 1 for all kK > 1, 


§3. This section contains the theorems dealt in the paper, 


Theorem 1—Let pk = O(1). Then (Ax) € Co* (p, E) if and only if (i) there 
exists an integer m > 1 such that 4x € B(E, F) for each k > mand (ii) there exists 
an integer N > 1 such that 


> 


-l/p 
a ean DN eee eres 
k>m 


. Proor : Let x = (xz) € Co (p, E) and (i), (ii) be true. Then there exists an 
integer k, such that 


Dx I 
Xk ake 
| xe |]  < 77 


for all k > ky and there exists an integer kz > m such that 


ae 
z || Ax || N 
k>ky y iy 
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fora givene > 0. Put Ko = max (ki, ke), so that 


=1/ 
Z| AvxellS = | Aeiiiixell< = Ae No <e 
kP ko k> ko kPko 


and hence (Ax) € Co* (p, E). 


Conversely, suppose that (Az) € Co*(p, E). If (i) does not hold, we can 
choose integers 1 < ky < ko < ...... such that Ax, is not bounded for each i > 1. 


Hence there exists Zk, € U such that 


lpg. 
|. 4z, Ze, | > 7 at) 


foreach i> 1. Define the sequence x = (xk) by 


f lipy, 
| Zk,/i si if k =k foreachi 
ers 


A 


[ 0, otherwise. 
Clearly, x € Co(p, E), but by (1) 


|| Az, xe, || > 1 


foreach i > 1, sothat X Ax xk diverges, which leads to a contradiction. 
k 


To establish (ii) assume that 


~1/p 
Z| Ae|N "= 00 
7m 
for each integer N > 1. Hence we can choose integers m = ky < ki < ko < ...... a 
such that 
i | IDE 
Ms = x || Ax || s ae 
Kkg-1Sk<ks 


foreachs > 1. By (i), for each k > m there exists Ze € U such that 
|| Az Zx || > § || Ax |]. 


Define a sequence x = (xk) by 
( ~1/D% 
S 


| Ms 
xk = 


| 0, otherwise 


so that x € Co(p, E), since 





Zr, ks-1<k < ks’ foreachs > 1 


Dp =i 
|| xz || : < 7. <sl-+0, ask>oo, 
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However, 
—1 Dx 


mY 
> | 4e x SS f | Ae Zell 


k S ks_\Nk<ks 


Sy Pea 
>, 2 


Ss ks-1Sk <ks 
k 


V 


which contradicts our assumption that (Ax) Co(p, E), and hence the theorem is 
established. 


The following results are deducible from Theorem 1]. 


Corollary 1, (Maddox4, Proposition 3.4)—The sequence (Ax) € Co* (E) if and 
only if there exists an integer m > | such that (i) Ax € B(E, F) for all kK > mand 


(ii) 2 || Ak || < cc, where E, F are Banach spaces. 
k2m 


Also we note that the argument of Theorem 6 (Maddox2) shows that, for 


pte > 0, the B -dual of Co (p) is equal to its « -dual. Hence we have the following 
result. 


-1/ 
Corollary 2—Co*(p) = WU {a = (ak)| =| ar|N si < co}, 
N>I1 k 


Corollary 3—If pr = O (1) and inf px > o 
k 
then 
Co (p) = h. 


PRoor : Let M = sup pre and L = inf px. 
k k 


We now proceed to show that under these two given conditions Co(p) = Co and 
since, Co* = 1), (Maddox, p. 19, 22), there is nothing to prove. Let x = (xx) 
€ Co(p). Then for every 0 < € < 1, there exists an integer ko such that 

| xk | zy < «M 
for all kK > ko. Hence, 


| xx | < 6 <e 


for all k > ko, which shows that x € Co. Conversely, if x = (xz) € Co, then for 
every 0 < € < 1], there exists an integer ky such that 


| xe | < el/p 
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for all k > ky. Hence, 


P,!p 
€ 


PE 
iP ae <6 


for all k > ko, which shows that x € Co (p). 
Consequently 
Co = Co(p). 


This proves our assertion. 


Theorem 2—Let pe = O(1). Then (Ax) € C*(p, E) if and only if (i) there 


exists an integer m > | such that (Ax) € B(E, F) forall k > m, (ii) there exists an 

‘ —1/p 

integer N > | such that = || Ax || N . < co and (iii) & Ax Z converges 
k2m k 

absolutely in F foreach Z € E. 


Proor : For the sufficiency let xx > 1[C (p, E)] as k > co. Then (xz — 1) 
€ Co(p, E) and hence by Theorem 1 


2 || Az (xk — 1) || < ©0, 
k 
Since by (iii) 2 || At] || < o° 
k 
x || Ak xk || < co 
k 


which shows that 
(Ar) € C* (p, E). 


Conversely, let A(t) € C*(p, E). Since C* (p, E) C C*o(p, EB), (i) and (ii) 
follow immediately from Theorem 1. To prove (iii) take any Z€ EF. Then the 
sequence (Z, Z, .. ) € C(p, E) and so 2 || Ak Z || < 09, 


This completes the proof of Theorem 2. 
Corollary 4 (Maddox, p. 23)—C* (E) = Co* (E) = TOE): 
Corollary 5—Let pe = O (1) and inf per > 0. Then C*(p) = h. 


Proor : Let (az) € Iyand xz > /[C(p)]. Then (xx — 1) € Co(p). Then by 
Corollary 3 


= | aze(xe — 1) |< © 
k 
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and since 


(ax) € hh, eS 


which implies that 
x | ak xx | < ©. 
k 


Conversely, if (ax) € C* (p), then consider the sequence (1, 1, 1, ...) E C (p). 
Then = | ax | < ©9 follows immediately, so that (ax) € 4. This establishes the 
k 


corollary. 


Theorem 3—Let pk < | for each positive integer kK > 1 and F be a complete 
seminormed space. Then (Ax) € /* (p, E) if and only if (i) there exists an integer m 


ee ; PE 
such that Az € B(E, F) for all k > m and (ii) or || Ax || << co, 
m 


Proor : Let x = (xr) € /(p, E) and (i), (ii) be true. 


Put 


Pr 
3 = sup || Ax || 
k 


and assume 5 > 0, otherwise, there is nothing to prove. Clearly there exists an 
integer Ky such that 


Pi, 
Sais 
k>ky 
Then 


Dp D 
|| Ax xe |” < || Ae ||” I xx || ve ca} 


for all k > ky, implying that || Ax xxl] < 1 for such k, and hence 


Zl Aexel< ES daexe S38 5 xe 
kPky kFky kFky 


so that (Ax) € 18 (p, BE), since F is complete. 


Conversely, if (i) fails, we can choose an increasing Sequence (kt) of integers 
such that Ak, is not bounded for each i > J. So for such i, there exists Zk, EU 
such that 


Ag, Zeno iyaee 
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Define a sequence x = (xx) by 
( 2/PE. 
| Zk, |i *; , if kK = ki, foreachi > 1, 


xk= 4 
| 0, otherwise. 


PE 21D, Pr. 
| xz || = Zejt ff tg i-? < co 


Then 


so that 

x E I(p, E), but || Ak. Xk, || > 1, for each i, implying that = Ax xx diverges in F, 
k 

contrary to the assumption that (Ax) € /®(p,E). To prove (ii) assume that 


p 
sup || Ax || Fe eo, for every fixed m ="1, 2, ....... 
>m 


Choose integers m = ky < ky < ko <......... with 
Dp 
|| Ax, || 8 > 82 2) 
foreach s > 1. By (i) there exists Zr, € U such that 


|| Ax, || <2 || Ae, Ze, | 3) 


foreach s > 1. We define a sequence x = (xk) by 


: Zk.|\| Ax, |l, if kK = ks foreach s > 1 


A : 
| 0, otherwise. 


Clearly x € /(p, E), but 
|| Ax, xk, || > 4 


by (3), implying that & Ax xk diverges in F, which establishes (ii). 
This completes the proof of Theorem 3. 
If E is a complete seminormed space then we have the following Corollaries : 


Corollary 6—If pk < 1, then /* (p, E) = 18 (p, E). 
Corollary 7 (Maddox4, p. 27). If 0< p< 1, then 


I (E) = I (E). 
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Corollary 8, (Simons’, Theorem 7)—If pk < 1, then /* (p) = Ix (p). 


Next we consider the «-duals of /(p, E), where pe > 1 for all K>1 and 
loo (p, E). The $-dual of these two spaces are still open for investigation. 


Theorem 4—Let px > 1 for all k > 1, pe = O(1). Then (Ax) € I* (p, E) if 
and only if (i) there exists an integer m > 1 such that Ax € B(E, F) forall k 2m 
and (ii) there exists an integer N > 1 such that 


SS RAEI ae © Shes 


km 
where 

ae l 

Dk qk 
for each k > 1. 


Proor : Let (i), (ii) be true. Choose n > s > m. Then for any x € I(p, E). 
n 


= || Ae xe || < JZ [| Ax |{° || xx || 


m=z 


2 5 | yy telPe | Az y" 4. INASe Tied ] 


k~s 
n n 
a> ws Fes I 
=n Sy I Ae | +N S tani” 
k=s8 keg 


by Lemma 1, so that e || A& xx || < c0, and hence (Ak) € I* (p, EB). 


Conversely, let (Az) € I* (p, E). Since h(E) C 1 (p, E) for pe > 1, (i) holds 


by Coroliary 6 of Th ii 
ne y eorem 3. To prove (ii) for each k > m choose Zr E U such 


| Ax || < 2 || Az Zr |]. 
Let A = (Ar) E Ip). Then (Ax Zz) E 1 (p, E) and hence 
- || A& (Ak Zz) || = 2 | Ax | | Ax Zx || < co 


whenever A € /(p), implying that (|| Az Zx ||) € 1* (p), 


Hence by Lemma 2, there exists an integer Ny > 1 such that 


> Wezel wi < oo, 


k 
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Put N = 2MNj, so that 


Vk ~@ qd = A 
Sy Ae Nn * < Sy 2* | AeZe | 2 “* 


k?m k2>m 
= > taezel” Wi, = oe. 
kAm 
Which establishes (ii). 
This completes the proof of Theorem 4. 
Corollary 9—Let 1 < inf pr, pr = O (1). Then (Ax) € I* (p, E) if and only 
k 
if (i) there exists an integer 7 > | such that 4t © B (E, F) for all k > m and (ii) 
DS || Ax “vs < co, where el + Es = forall k > 1, 
pk qk 
k2m 
Corollory 10, (Maddox4, Proposition 3.9)—Let 1< p<oo, Then (Ar) € 


fe (£) if and only if (i) there exists an integer m > 1 such that Ak € B(E, F) for 
all kK > m and (ii) 


=! 


q 
>) || Ax || < co, where = “} 
k2>m 


ae 
q 

Theorem 5—The sequence (Ax) € [%, (p, E) if and only if (i) there exists an 
integer m > | suchthat Ax € B(E, F) for all k > mand (ii) 


1/ 
2 || Ax || N < co for each integer N > 1. 
k?m 


Proor : Let (i) and (ii) be true and x € /,. (p, E). If N is an integer exceed- 


p 
ing max (1, sup || xx || ), then 
k 


1/p, 
2 || Arxe||< 2 |] Akl] N < co 
k?m k?m 


by (ii), so that & || Az xx || converges, implying that (Ax) € J%, (p, E). 
k 
Conversely, let (Ax) € I>, (p, E). Since Co(p, E) C leo (p, E), (i) follows 
immediately from Theorem 1. To prove (ii) let 


1/p 
wiv nh 26 (4) 


k7m 
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for at least one integer N > 1. By (i), there exists Zz € U such that 
|| Ax || < 2 || Ak Zz || 


foreach kK > m. Define a sequence x = (xk) by 


1 
int rae ifk>m 
Xk = 4 
| 0, otherwise. 


Clearly x € |. (p, E), but 


Dp 


1/lp 1/ k = 
S | Arxe|li= = N ” laze Zel>3 5 Na *bdell— oo 
k2?m k? k? 


m m 


by (4), which contradicts our assumption that (Ax) € 1%, (p, E). This establishes (ii) 
and hence the proof of Theorem 6 is complete. 


Corollary 11 (Maddox4, p. 23)—I*, (E) = Co* (E), 
B - 1/p, 
Corollary 12—Il., (p)= 1 {x = xe) | | xe | N < co}, 
N>1 k 


Remarks : It is also to possible to show that (Rath5, Theorem 5) if 0 < pe <i, 
then 


we (p,E)= UU (de) | maxr | (2° N-1) | Ag || | < 0} 
N>1 Am 


where m is an integer such that Ax € B(E, F) for all k > mand 


w (p, E) = {x = (xk) E (E) | there exists l1EE 


with 2-" 5, || xe — 1] * +0 


as rf — ca. 


where max, and 2, denote maximum and summation over 2'-1 € k < 2° 
This also includes the duals w* (p) and We (E), 
Lascarides3 and Maddox4. 
pk = p> 1 forall k > 


respectively. 
computed earlier by Maddox and 


The case in which pk > 1 is still open, except when 
1, see for instanced, 


ACKNOWLEDGEMENT 


The author expresses her 


gratitude to Professor D. Rath, who gave many valu- 
able suggestions for the Paper. 


Rwy 


IDV 


G 
i 
I, 

je 

N 
A 
S. 


SEQUENCE SPACES 


REFERENCES 


. H. Hardy and J. E, Littlewood, Inequalities. Cambridge University, 1967. 
J. Maddox, Proc. Camb. Phil. Soc. 65 (1969), 431-35, 

J. Maddox and C. G. Lascarides, Proc. Camb. Phil. Soc. 68 (1970), 99-104, 
J. Maddox, Infinite Matrices of Operators. Springer Verlag, 1980. 

. Rath, M.Phil. Dissertation, Berhampur University, 1987, 

- Robinson, Proc. London Math. Soc. 52 (1950), 132-60, 

Simons, Proc. London Math. Soc. 15 (1965), 422-36. 


963 


Indian J. pure appl. Math., 20 (10) : 964-968, October 1989 


ON STRONGLY NBD-FINITE FAMILIES 


P. THANGAVELU 
Department of Mathematics, Aditanar College, Tiruchendur 628216 (Tamil Nadu) 


(Received 3 August 1988; after revision 21 February 1989) 


The purpose of this paper is to give the properties of strongly nbd-finite 
families cf Topological Spaces, 


INTRODUCTION 


The concept of strongly nbd-finite family of a topological space has been intro- 
duced in Thangavelu® in order to study the piecewise definition of certain maps such 
as irresolute!, semicontinuous? etc. The purpose of the present paper is to obtain several 
properties of strongly nbd-finite families. In fact Theorem 2.10 is revised as per the 
Suggestions given by the referee. The concepts of semiopen set, semiclosed set, a-set 
(Alpha set) and Semiclosure are discussed respectively in Levine4, Crossley!, Njastad® 
and Crossley!. 


1. PRELIMINARIES 


By X we always mean a topological space on which no separation axioms are 
assumed unless explicitly stated. If A and B are subsets, A — B denotes the difference 
of Bin A. Listed below are definitions and results that will be utilized in this paper. 


Definition 1,165—A family {Am: m € M} of Subsets of Y is said to be strongly 
nbd-finite if for each x in X, there is an open set V containing x, satisfying one of the 
following conditions : 


(a) V (\ Am = ¢ for every m € M 
(b) There isa non-empty finite subset N of M such that 

(i) V 1) Am ¥ ¢ for every mE N 

(ii) V () Am C Ak for every m,k withm € N, KE N and 
(iii) VO Am = 4 for everymée M — N. 
Theorem 1,28—lf {Am:m € 


M} is strongly nbd-finite then (Scl (Am): m © M} 


re Scl (A) is the semiclosure of A, the largest semi- 
closed set that contains J. 


Theorem 1.36—The union of Semiclosed Se 


| ts of a strongly nbd-finite family is 
semiclosed. 
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Definition 1.42—A space X is semi-regular if and only if for each semiclosed set 
A and x € X — A, there exist disjoint Semiopen Sets U and V such that x € U and 
Ait uF: 


Theorem |.5*—X is semi-regular if and only if for each x and for each semi-open 
set A containing x, there is a semi open set B with x € BC scl(B) C A. 


2. PROPERTIES 


From the Definition 1.1 it is obvious that a covering {Am : m € M} of X is stron- 
gly nbd-finite if and only if the condition (1.1) (b) holds. Further a subfamily of a 
strongly nbd-finite family is also strongly nbd-finite and if {4m:m € M} is strongly 
nbd-finite in X then {A 1 Am: m € M}is also strongly nbd-finite in the subspace A 
of X. 


The proof of the next Theorem is analogous to that of Theorem 1.2. 


Theorem 2.1—If {Am: m E M} is strdngly nbd-finite then {Cl (Am): m € M} is 
also strongly nbd-finite where Ci (A) is the closure of A. 


Theorem 2.2—Let {Am:m € M} be any family of sets in XY. Ifthe Union of 
semiclosures of Am, m E M is semiclosed then it is equal to the semiclosure of the 
Union of Am, m E M. 


Proor : Follows from the properties of Semiclosure. 

Corollary 2.3—If {Am:m € M}is any strongly nbd-finite family of sets then 
U {scl (Am): m € M} = scl (U {Am:m € M}). 

Proor : Follows from Theorems 1.2, 1.3 and 2.2. 


Theorem 2.4—If {At : i © I} and {Bj : / € J} are strongly nbd-finite families of 
X then {4¢ 1 Bj: (i, j) € I x J} is also strongly nbd-finite. 


Proor : Fix x in X. There are open sets V; and V2 both containing x and satis- 
fying the following conditions : 

Condition 2.5—(a) V1 1 At = ¢ for every iin /: 
or 

(b) There is a non-empty finite subset Ni of J such that (i) Vi 4t A ¢ for 
every iin Ny, (ii) Vi OQ At C Ax for every i, k withi € Mi, K € My and (ili) Vi 
At = ¢ foreveryi € 1-4. 

Condition 2.6—(a) V2 1 Bj = ¢foreveryj € J 


or 
(b) There is a non-empty finite subset N2 of J such that (i) V2 Bij ~A¢ for 
every / © No, (ii) V2 Bi C Bi for every /, | with j € No, / € Ne and 
(iii) Vo Bi = ¢ for every j © J — No. 
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Let V = Vi CQ Ve. Then V is open and contains x. Now Ix JE Whe U Le 
U La where Ly} = Ny X No, Lo = Ny x (J — Ne), Lg = (J — Ni) X Noand La = 
(I— Ny) X (J — No). It is easy to verify thatV 1 4t 1 Bi = ¢ for every ordered pair 
(i, j)in Lo U L3 U La. If this is also true for every pair (i, j) in Ly then the Theorem 
is proved. Suppose not, let N = {(i,j/)€ Li: V ™ At By ~ ¢}. Clearly N is 
finite and non-empty. Let (i,j) and (k, 1) bein N. Then using Condition 2.5(b) 
and Condition 2.6 (b) we have VM 440 Bj = (V1 ON Bt) ON (Vo 1) Bi) C Ak 1 Bi. 
This proves the Theorem. 


If a covering of X has a nbd-finite refinement then it also has a precise nbd-finite 
refinement. The next Theorem is an analog of this. 


Theorem 2.7—If the covering {Ai : i © J} of X has a strongly nbd-finite refine- 
ment {Bm:m € M} then it also has a precise strongly nbd-finite refinement {Cz : KE /}. 
Further more if each Bm is open (resp. Semiopen, resp. «-set, resp. closed and resp. 
Semiclosed) then Cz can be chosen to be open (resp. semiopen. resp. «-set, resp, 
closed and resp. semiclosed). 


Proor : For each m in M fix ani € J such that Bm C At. . Having done this, 
define a map F: M — J defined by F(m) = iif Bm C At. For each i in J take Ct 
= U {Bm: F(m) = i}. Clearly Ci C Ai for each iin J and {Ce: k € I} isa cover- 
Ing of X and hence a precise refinement of {Ai : i € J}. 


Claim : {Ck: k € 7} is strongly nbd-finite. 


Fix xin X. Since {Bm:m € M}is a strongly nbd-finite covering of X, Choose 
V asin 1.1 Satisfying 1.1 (b) where A is replaced by B. Take L = F (N) = {F (m) : 
m € Nj, Clearly Z is finite and non-empty. If i € ZL then F(m) = i for somem € N 
so that, using 1.1 (b) (i), V intersects Bm which implies V intersects Ci. Let i€ J—L. 
Now N C F-1(F(N)) = F-1(L). Taking complement, we get M — N > F-1 (J-L) 
so that F-1 (i) C M — N which implies, by using 1.1 (b) (iii), V does not intersect 
Bm for every m with F(m) = i. This proves thatV () Ci = ¢? LetkK EL. Now 
V1 Ce = VQ (U {Bm: Fno: F(m) = k}) = UV O Bm: F(m) = k} which is 
contained in Bn for every n € N (by 1.1 (b) (ii)). This implies thatV (1 Ce C Cryin) 
for every n € N. This completes the proof of the claim. 


If each Bm is open (resp. semiopen, resp. a-set) then Cz is open (resp. semiopen, 
resp. a-set). If each Bm is closed, since every strongly nbd-finite family is nbd-finite 
and since union of closed sets of a nbd-finite family is closed, Cx is closed for each k in 


i if each Bm is semiclosed then, using, Theorem 1.3, Cx is semiclosed for each k in fi 
This proves the Theorem. 


The next Theorem is the generalization of Theorem 1.5 of Dugundji? (p. 162). 


Eee 2.8—Let{Fi: i € T} be any family of Sets ina space X and let {Bm: 
m€ M}beastrongly nbd-finite Closed (resp. Semiclosed) pairwise disjoint covering 
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of ¥. Assume that each Bm intersects at most finitely sets Es. Then there is a stron- 
gly nbd-finite family {C (Ez): i € 7} such that Et C C (Et) and C (Ei) is clopen (resp. 
semiclopen), for each i in /. 


Proor : For each i € /, define C (Et) = X¥ — \) {Bm: Bm) Et = 4}. Since 
{Bm: m € M}is pairwise disjoint C (Ei) = U {Bm: Bm (1) Ei * $}. If each Bm is 
closed, since every strongly nbd-finite family is nbd-finite, each C (Es) is both open 
and closed. If each Bm is semiclosed, by using Theorem !.3 and Theorem 2.2, each 
C (Et) is both semiopen and semiclosed. Further, for each i in J, it is easy to see that 
C (Ei) intersects Bm if and only if Fi intersects Bm. Also Ei C C (£1) for each / in J. 


Claim—{C (Ei) : i € J} is strongly nbd-finite. 


Fix x in X. Since {Bm :m € M}isa strongly nbd-finite covering of X. Choose 
V and N as in 1.1 satisfying Definition 1.1 (b) where where A is replaced by B. Since 
{Bm : m € M} is pairwise disjoint, N is singleton namely {mo}. Now using Definition 
1.1(b), VO Bm, # ¢ and V ( Bm = ¢ for all m different from mo. Since {Bm: 
m € M} is acovering, V C Bg. Since each Bm intersects at most finitely many EF, 
Choose a finite subset No of / such that Bm, (1) Ei + ¢ for everyi € No and Bm 1 


E: = ¢foreveryi€ J — No. 


If i€7—No then Bm, 1 Et = ¢ which implies C (Ei) 1 Bm, = ¢ so that V NC 
(Ei) = ¢. Let LZ denote the set of all iin No such thatV \ C(Ei) 4 ¢. If L is em- 
pty then V does not intersect C (Ei) for eachiin 7. Let L be non-empty. As No is 
finite, L is finite. If i,j arein L then VM C(Et) =VO(U {Bm : Bn Et ¥ $}) 
which equals V (\ Bm, = V C Bm. 


Since Bm, (\ C (Eo) + 4, BmyC C (£j)sothat V M C (Et) C C (Ej). This completes 
the proof. ; 


Theorem 2.9—If X is semi-regular (resp. regular) and if each semiopen (resp. 
open) covering has a strongly nbd-finite refinement then each semiopen (resp. open) 
covering has a semiclosed (resp. closed) strongly nbd-finite refinement. 


Proor : We prove for semi-regular X¥ and the proof for regular X is similar. 


Let {At: i € J} be a semiopen covering of X. By Theorem 1.5, for each x in X 
and for each 4t with x € Ai, there isa semiopen set Bi with x € Bt C Scl (Bi)C At. 
Now {41 : i € I} is a semiopen covering for X. Therefore it has a strongly nbd-finite 
refinement {Cz : k € K}. Then {Scl (Cx): k € K}is asemiclosed strongly nbd-finite 
refinment of {4::i€ /}. {his completes the proof. 


Theorem 2.10—If each open covering of X has an open refinement that can be 
decomposed into an at most countable collection of strongly nbd-finite families of open 
sets, then each open covering has a strongly nbd-finite refinement. 
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Proor : Let {Ui: i € 7} be an open covering of X Then it has an open refine- 
ment {Vn,m: (n,m) € Z* XM} where Zt? is the set of positive integers and for each 
fixed no € Zt, the family (Vno,m:m € M} is strongly nbd-finite. For each positive 


integer n € Zt let Wn denote the Union of sets Vajm where m varies over the index 
set M. Then {Wn:n € Zt} is an open covering for ¥. Take A; = W; and An = Wn 
— U We for n > 2. If y © X, let n (y) be the first k such that Y € We so that Y € 


K< 
Any). Therefore {An: n © Zt} isa refinement of {We:k € Zt}. Now for each x 
in X, Wn(z) M An(z) # d and Wn(z) MQ Ak = ¢ifk #An(x). Thus {An: n € Z+) is 
strongly nbd-finite. 


Claim—{An (\ Vnjm:(n, m) € Z* X M} is strongly nbd-finite. 


Fixx in Y. Then Wn(z) Ak = ¢ for every k 4 n (x). Now {Vn(z),m-m€ M} 
is strongly nbd-finite. Therefore there is an open set G containing x such that either 
G 1 Vn(z),m = for every min M or there is a non-empty finite subset A of M such 
that (i) G ™ Vn(z),m + dfor every m in A, (ii) GA Vn(z),m C Vniz),k for every 
m, k with m € A,k © Aand (iii) GA Vn(z),m == ¢ for every m in M — A. Take 
W = Wz) 1) G. Let 


N = {(1 (x), m): WO) An(z) A Vn(z),m ¥ , m € A}. 


If N = ¢ the claim is proved. So, let N + ¢. Clearly Nis finite. Let (n (x), 
m) and (n (x), k) bein N. Then W An(z) M1 Va(z)m C G1 An(z) \ Va(z),m 


C An(z) 1) Vn(z),k. 


This completes the proof of the claim and hence the Theorem. 
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Conditions for the existence of bounded and Fréchet differentials for 
mappings on linear topological spaces are introduced using the pseudonorm 
topologies (see Hyers) of the corresponding spaces. These resuits generalise 
the results of Vaclay Zizler!® for mappings on normed linear spaces, 


1. INTRODUCTION 


The technique of pseudonorm topology, which can always be defined on every 
linear topological space (see Hyers?, Theorem 9, p. 10), is used to introduce certain 
conditions (see Theorems 3.1 and 3.3) for the existence of bounded and Fréchet 
differentials for mappings on linear topological spaces to locally convex spaces. The 
concept of Fréchet differentiability for functions on normed linear spaces was extended 
by Hyers* for functions on linear topological spaces using pseudonorm topology. 
Initially Suchomlinov’ introduced the concept of bounded differentials for functions 
on normed linear spaces to avoid assumption of linearity of the Fréchet differential. 
The authors extend here this notion (see Definition 2.3) for functions on linear topo- 
logical spaces using pseudonorm topology. The proof uses the Lasalle pseudonorm 
topology? (see also, Hyers*) on the space of continuous linear operators along with 
Wehausen’s® analogue to the particular case of Hahn Banach Theorem (see Theorem 
2.1). Theorems 3.1 and 3.3 give in particular the results of Zizler1® for a function on 
normed linear spaces. Earlier one, of the authors (Dayal and Jain!, cor. 3.5, p. 481) 
introduced some conditions for existence of the Fréchet differentials generalising and 
improving the results of Nashed® and Marinescu®. 


2. PRELIMINARIES 


Let E be a linear topological (I. t.) space. E can be regarded as a pseudonormed 
space (p. s.) (see Def. in Hyers? on p. 9 and Theorem 9, p. 10) with respect to certain 
directed system (d.s.) D. Further, if E is locally convex, then the corresponding 
pseudonorm is triangular. A subset Bofap.s. E with associated d. s. D is said to 
be bounded if and only if given d € D there is areal number pa > 0 (depending 
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on d) such that | x | a < pa for all x € B. The following theorem is due to Wehausen® 
and is an analogue of a corollary of Hahn Banach theorem for locally convex spaces. 


Theorem 2.1—If E is locally convex |. t. space with associated d.s. D, then for 
any xo © Eand any d € D there exists a linear continuous functional f defined on E 
with the property that | f(xo) | = | xo | a. 


From now onwards, we will mean by F£; and Fe |. t. spaces with associated 
directed systems D; and Dz respectively. If we denote by ¥ (£4, E2) the space of 
continuous linear operators from E; to Ee, one can introduce a pseudonorm on 
(Ej, E2) associated with the d.s. {(d2, B):d, € Do, OE BC Ei, B bounded} 


(with usual ordering : (d2, B) < (4, , B’) if and only if dz < d, and BC 8B’) by 
associating each (do, B) to real number called pseudonorm of 7, | T | (d,, B), for every 


TE ¥£ (fi, Ex). This pseudonorm defines a topology on _¥ (£1, E2) and is called 
Lasalle topology (see Lasalle and also see Hyers®). The following theorem of Dayal 
(see Dayal and Jain?, Theorem 2.4, p. 1098 for n = 1), using Lassalle topology, will 
be used later. 


Theorem 2.2—Let T: Ei > Es. If Tis continuous, then for every dz € Do, 
B bounded subset of £; containing 0 and for every d; € Di for which | x | a, #0 if 


x £0 thereisa wa, > O such that 


|T | (a,, 8) 


oa, See 


Definition 2.3—Let f: Ey > Eo. f is said to have Gateaux differential Vf (xo, h) 
at xo © £j if 


lim 
t-0 


Rae 
Fo 1h) — LG) aT Ga hh HOLD 


exists for every h © Fj, in the sense that for every dz © Dothereis a dy © Dy such 
that for every « > 0, there exists a 3 > 0 (depending on do, dy, « and h) with the 
property that 


I (xo + th) — 
| or OS Lo) fos Vf (xo, h) | dy <—e a fey 


whenever 0 < | th | a,< 38, 


If the limit (2.1) is uniform with respect to h € Ey in the sense that every 
dz € Da, there is a ad; € Dy with the Property that for every « > 0 there exists a 
6 > 0 (depending on do, d; and «) such that (2.2) holds whenever 0 < |t| <8; 
|h| d, = | and Vf (xo, h) is linear and continuous in A, then jf is said to have ; 


‘Fréchet differential’ df xq such df (xo, h) = Vf (xo, A) for everyh € EF. 
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If the limit (2.1) is uniform with respect to h € Ey and corresponding to every 

d. € Dz and dy € Dy there is pa, > O with the property that | Vf(xo, 4) | a, < pa, 

for all | h | d, = 1, then f is said to have ‘bounded differential’ dVf (xo, ) at xo such 

that dVf (xo, h) = Vf (xo, A) for every h € EF. 

. The formulation of the Fréchet differential in terms of the pseudonorm topology 

is given by Hyers? (p. 15) and the concept of bounded differential is an extension of 


the concept of bounded differential given by Suchomlinov’, initially, for functions on 
normed linear spaces to avoid the linearity property. 


3. BouNnpep DIFFERENTIABILITY CONDITIONS 


We prove the following theorem for the existence of bounded differentials for 
mappings on linear topological spaces. 


Theorem 3.1—Let EF, and E2 be linear topological spaces with associated directed 
systems 2; and Dz with the topology of E2 being locally convex. Let f: Ei > Ee 


have a Gateaux differential Vf (x, h) at every point x in some neighbourhood of 
xo € £, with the following conditions : 


(i) Given dz € De there is a dj € Dy such that for every « >0 there is a 
5 > 0 (depending on do, di, «) with the property 


| Vf (xo + th, h) — Vf (xo, h) | a, < «€ st30) 
whenever 0 < | th | a, < 5 uniformly with respect to hE &,|h| a, = 1. 


(ii) Given dz € Dz there is a dy € D; anda real number pa, > O such that 
| Vf (xo, A) | a, < wa, for all 4 € Fi, | h|a,=1. 


Then, f possesses a bounded differential dV/ (xo,h) at xo such that 
aVf (xo, h) = Vf (xo, h). 
The following mean value theorem, which can easily be proved by usual argu- 
ments (see Yamamuro’, p. 15) will be used in the proof of main Theorem 3.1. 


Theorem 3.2—Let E be a linear topological space, F be a locally convex space 


A . . . . . 
and f: E > F have a Gateaux differential at every point of the line segment joining x 
andx + thin E. Then for every continuous linear functional e on F there exists 


a t € (0, 1) such that 
< (f(x + th) — f(x),e>= < wWVf(x+7th, h), e> 


where the notation < y, e > means the value of e ony forevery y € Fande€ F* 
the conjugate of F i.e. {(F, R) with respect to Lassalt topology. 
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Proof of Theorem 3.1—Let h be any arbitrary element in £, and write 


w (xo, th) = f (xo + th) — f (xo) — Vf (xo, th). 


Since f hasa Gateaux differential Vf (x, h) at every point x of some neighbourhood 
of xo, given dz € De there exists dy € Dy such that for everye >095>0 (depend- 
ing On do, dj, €, h) with the property that 


w (xo, th) 
prcerrenr aC 


| 


whenever 0 < | th | a, < Sandh € Ey. Suppose, for some « > 0, the choice of 3 
is not uniform with respect toh € Ey, | A | a, = 1, then we may have a de € Do 


such that for every choice of 4, € D; andn € N there exists and « > 0, fn € Ey 
with | hn | a, = | with the property 


t 
_W (x0, ta hn) (aeheere Wo Key 
In = 
whenever 0 < | fn hn | ¢< 


Let . (Es, R) be the space of continuous linear functionals with the Lasalle4 
pseudonorm topology associated with the directed system {(|, B): B bounded in 
Fy containing 0}. For en0 in (Ez, R) we can have a bounded subset Bn 
containing 0 in E> such that the pseudonorm | en | (Bp) F 0 (cf. definition of pseudo- 


norm, see Dayal and Jain?, p. 1094) and a real number va, > 0, associated with Bn 


A 
(cf. definition of bounded sets in $1.) By Gateaux differentiability of f at Xo, for 


hE Eyanddo € De there is a dy € D, such that for the above chosen e€ > 0 there is 
an % € N with the property that 


W (xo, tn h) out Hd, 
| te | 4% <4754-——— aay 


3 | en | - 
(11, 8,,) 
whenever n > no. 


Now 


I (x0 + tn h) — tT (xo) = Vf (xo, tn h)+w (Xo, tn h) 
S (x0 + tn hn) — t (xo) => Vf (xo, tn hn) +w (Xo, tn hn) 
W (x0, In hn) = Ww (Xo, tn h) + (f (xo + tn hn) oy SF (xo)) 


— (Ff (Xo + tah) — f (xo)) + (Vf (x0, tn h) 
IVS (ey te An)). , 
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So we have 
<— Ww (xo, tn hn), an > = < Ww ha; tnh), en > 
+ < (f (x0 + tnhn) — f (x0)), en > 
— < (f (x0 + tnh) — f(x0)), en > 
+ < (Vf (x0, tn h) — Vf (xo, tn hn)), en >. 


By using the mean value theorem (Theorem 3.2) 


w (xo, tn hl Ww (xo, tnh 
ala oR rae (xo nh) 
In tn 


+ < Vf(xo + t2 tn hn, hn), en > 


5 


— <Vf(x0 + 1, tnh, h), en > 
+ < (Vf (xo, h) — Vf (xo, hn)), en > 
where tn and t’ are in (0, 1). 


Thus, 


4 W (XxX 
w (xo, tn An) Vv (xo, tn h) > 


gt ew ee) a 


tn tn 
+ < (Vf (x0 + tn tn hn, hn) 


ra Vf (xo, hn)), en > 


+ < (Vf (xo, h) — Vf (xo + ttn h, h)), en>. 


By Theorem 3.2, for every bounded subset Bn of E2 containing 0 corresponding to 
each n and every dz € De for which 


W (xo, tn h) 0 


RLO sts By go 0 if 7 


In 


| Vf (xo + tn tn hn, ha) — Vf (xo, An | dy + 0 


Vf (xo + tn In hn, hn) — Vf (xo, hn) # 0 
and 


| Vf (xo, A) — Vf (x0 + +), tnh, h) | a, 0 
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Vf (xo, h) — Vf (xo + re tnh, h)~ 0 


there is a real number ya, > O such that 


en | B 
fe eee Peg Shee (||, n) w (xo, tn h) | 4 
n Hd, tn 2 
| en | (29) 
+ ———— | Vf (xo + tn tn hn, hn) 
Hd, 


— Vf (xo, hn) | a, 


| Es | (||, Bn) 


+ | Vf (xo, A) 


pa, 
— Vf (xo + Ta; h) | d,. 


In view of a theorem (2.1) Hyers® (p. 12) there exists an en EC (E2, R) such that 


w (Xn, tn hn) w (Xo, tn hn) 


mea —_— 
| tn »,en >| =| tn | a, . 
Thus 
W (Xo, tn hn) Jen | Bn) 
| Se a << —— { ees I 
tn 


In Bag 


+ | Vf (Xo + ta te hn, hn) ~ Vf (xo, An) | dy 


+ | VF (x0, A) — Vf (x0 + 4, tm h, A) | a, } 
...3.4) 


In view of hypothesis (i) and expression (3.1), ford2 © Do there isa d’ € D 
ik 1s 


which can be taken as dj in view 
of the def. of d.s. associ i 
such that for every « > 0 there exists no € N such that for oe ens a eh 
0» : 


1 Vf (xo + tn tn hn, hn) — Vf (xo, hn) | @ 
2 


Bd, 


4 : | en (||,2n) , 
(3.5) 


+ | VE (x0 + +! tn h, h) — Vf (xo, h) | a, < 7 
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Hence (3.4) together with (3.5) and (3.3) contradicts (3.2). Thus 


soni f (xo + th) — f (xo,) 
t>0 t 





= Vf (xo, h) 


where the limit is taken uniformly with respect toh € Ej. 


The second condition for Vf (xo, h) being a bounded differential follows trivially 
by hypothesis (ii) of the theorem. This proves Theorem 3.1. 


Trivially, since every normed linear space is a locally convex space and every 
norm is also a pseudonorm, Theorem 3.] gives in particular the following theorem of 
Zizler19, 


Theorem [VZ|—Let E, and E2 be normed linear spaces and f: E; — E> has the 


Gateaux differential Vf (x, h) in some neighbourhood of xo in Fy. Let the following 
conditions be fulfilled 


(i) lim || Vf (xo + th, h) — Vf (x0, A) |l = 0 
t0 E: 

uniformly with respect to || /|| = 1, A€ Fi. 

(ii) Vf (xo, A) is bounded on Sy = {h: || A || = 1}. 


Then f possesses a bounded differential, in fact it is Vf (x0, h) at x9 € Fi. 


Remark : Itis easy to deduce that if f: Fi > E2 is continuous in some 


neighbourhood of xo and the Gateax differential Vf (xo, h) is linear in A then Vf (xo, A) 
is continuous in. Thus we have the following theorem : 


Theorem 3.3—Let E1 and Eo be linear topological spaces with associated directed 
systems D; and De. Let f: Fi > Ez be continuous in some neighbourhood of Xo. 


Suppose that the Gateaux differential Vf (x, A) exists in a neighbourhood of xo and 
Vf (xo, h) is linear in A with the following condition that given dz € De there is a 
d, € Dj; such that for every « > 0 there isa 8 > 0 (depending on do, di, «) with the 


property : 
| Vf (xo + th, h) — Vf (x0, A) lag <e 


whenever 0 < | th | a, < 5 uniformly with respect toh € Ei,|h|a, = 1. Then 
the mapping / has a Fréchet differential df (xo) at xo such that df (xo) (A) = Vf (xo, A) 
for every h € Fi. 

Since every normed linear space is a locally convex space and every norm is also 


a pseudonorm, Theorem 3.3 gives in particular the following theorem of Zizler?°. 


Theorem (VZ)—Let f: E> F, Eand F being normed linear space. f:E7oF 
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is continuous in some neighbourhood of xo. Suppose that the Gateaux differential 
Vf (x, h) exists in a neighbourhood of xo and is such that Vf (xo, A) is linear in A and 


lim || Vf (xo + th, h) — Vf (xo, A) || = 9 
t0 


holds uniformly with respect to A € E, ||A|| = 1. Then f/ has a Fréchet differential 
df (xo) at xo € E. 


REFERENCES 


S. Dayal and Sushma Jain, Indian J. pure appl. Math. 16 (1985), 476-85, 

S. Dayal and Sushma Jain, Indian J. pure appl. Math. 18 (1987), 1098-1102. 

D. H. Hyers, Bull. Am. Math. Soc. 51%(1945). 1-21. 

J.P. Lasalle, Duke Math. J. 8 (1941), 131-36. 

. G. Marinescu, Bull. Acad. R. P. Romine, Sect. Mat. Fiz. 6 (1954). 213-19. 

M. Z. Nashed, Differentiability and related properties of non-linears Operators : Some Aspects 

of the role of differential in non-linear functional analysis, Proc. of Advance Seminar, conduc- 

ted by the Mathematics Research Center, University of Wisconsin, Madison, Oct. 12-14 (1970). 

7. A. Suchomlinov, Bull. Moscow Univ. Ser. A. 1 (1937), 1-19. 

. J. V. Wehausen, Duke Math. J. 4 (1938), 157-69, 

9. S. Yamamuro, Differential Calculus in Topological Linear Spaces. Lecture notes in Mathe- 
matics, Springer-Verlag, (1964) 374, 

10. Vaclav Zizler, Commentationes Mathematicae Universitatis Carolinae 8 (1967), 415-29. 


AUWPYNS 


oo 


Indian J. pure appl Math., 20 (10) : 977-988, October 1989 


LIE THEORY OF q-APPELL FUNCTIONS 


LAKSHMI VARADARAJAN 


Department of Mathematics, Indian Institute of Technology, Hauz Khas 
New Delhi 110016 


(Received 3 August 1988) 


In this papera_ generalized g-Appell function is defined and symmetry 
techniques for classification and derivation of generating functions are evolved. 
This is in analogy with the present Lie theoretic methods for ordinary Appell 
functions. We develop canonical system of g-difference equations for g-Appell 
functions and derive series identities using symmetry operators of these 
canonical equations. 


1. INTRODUCTION 


A Lie theoretic method was developed in Kalnins ef a/.3 and Miller?’> which asso- 
ciated with each family of multivariable hypergeometric functions a canonical system 
of partial differential equations obtained from the differential recurrence relations ob- 
eyed by the family. The underlying idea was originally due to Weisner’. The hypergeo- 
metric functions arise by partial separation of variables in the cnnonical systems. Also 
any analytic solution of these equations can be regarded as a generating function for 
this family. Furthermore the symmetry operators for the canonical systems can be 
used to characterize these generating functions. 


Later, an analogous theory for families of many variable basic hypergeometric 
functions was developed in Agarwal!. Inthis paper, we are going to single out q- 
Appell functions, define them in a unified form and study them further from Lie-theoretic 
view point. In the process we develop generating functions for the q-Appell polyno- 
mials too. 


The symmetry techniques of this paper apply to former power series and are 
ind2pendent of convergence criteria. Hence the domains in which the derived identities 
are valid are not specified. Domains of validity for individual cases can be determined 
by the usual methods. 


2. GENERALIZED g-APPELL FUNCTION 


The g-Appell functions are defined as*’6 


nijiad Rah ee a? )- = (4; q)man (b; q)m (b°; q)n x™ y” 
Csi 


(a) fi ( (c; q)m,n (G3 7)m (q; q)n 


> 
m°n=0 
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a, b, b; = (a; q)m4n (b; q)m (b'; q)n x™ y™ _ 
(b) fe ( cee )- > (c; q)m (c’; q)n (G3 G)m (q; q)n 
| > sitet 
a, a’ b, b’; SA as a)m (a's gn (b;_g)m (b's gn XY" 
©) fs ( PAE 5. (5 G)m,n (9: qm (43 Qn 
m-n=0 


a ot ~ (a: 7)min (b; g)m.n x™ yn” 
(d) Is ( ene 8 ) - >; (c3 qim (cs G)n (93 9)m (4; Q)n 


mn=0 
a a) 
where (a; q)n = (1 — a) (1 — aq)... (1 — aq”~}) 


and elicit q*, a’ = ges b = q®, b’ = q®’, = q*’ and c’ aa q™’. 
Instead of treating them separately, we define them in a unified form as 


co }=6 (43 q)myan 1a‘; q)a'n (b: g)myen 
a, a’, b, b; (0°; q)e'n x™ y® 
F ( x,y ) = 


oo (c; q)myfn (c's q)t'n(q; q)m (q; q)n * 
mon=0 
462:2) 
Indeed 
d,@,¢e,f,f)~(0.0,0110+ F=f, 
(d, d’, e, e', f, f’) = (170, 0, 1,0, 1) => FW = fo 
(d, d', e, e’, ff’) = (0, 1,0, 1, 1,0) > F = fy 
and 
(d, dee’ ff) = (1, 0,1,000s lees ote ee pe ...(2.3) 


Appropriately we name (2.2) as a generalized q-Appell function. 


3. CANONICAL Forms « 


Let Tn be the q-dilation operator corresponding to the variable u, that is, Tu 
maps a function of the variables u,v, W, ... to the function 


Tu f (u,v, w,.) =f (qu, v, W,...). patted 


For the generalized g-Appell function, we can easily verify 


the following recurrence 
relations : 


(1 —aTzT° ) F@ = (1 — a) & (aq) 


(1 ae a) F(a’) =(1 - a’) F(a’) 
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1 bs T) ) F() = (1 —b) F (bq) 


( 

(1 - #78 ) Fe) =0-%) Feq) 

(1 —cq1Tz Tr ) F (c) = (1 — cq) F (cq-1) 
( 


ic. on i ) F (c) = (1 — c’ qu) F (e' q71) 





t-te (9°) Codt—y Ae 


het a, a’, b, ) _ (4; q)a (a’; q)a' (b; q) e (b'sq) 
Te) | e, of (cs gr (c's q)s 


d@ g'qt ‘ge! 
‘ F( aq®, a'q™, dq, b‘g¢ ) 
cq’, c'gh" 
...(3.2) 
The relations (3.2) imply the fundamental difference equations satisfied by FJ : 


x (1- ateT! ) (i = or 79 )-a= 7» (1 eqlig 7! )] 


F=0 3.3) 
beat — aT; Ts )e (1 a Ty )e(1 — bT= T; ) 
x (1-e 7s Jeb - fam (1— eq Tate) 


x(1-eginrm \ril¢gq-o. (3.4) 
( tH] 


and 


To cast the system into a canonical form, we define a new function ¥ of eight vari- 
ables 14, uo ..., Us. 


a a, a’ b, b’; -e -a -B -8 Y¥-1 y-1 
Gx TF ts X,Y ]Uy Uy Ug Uy Ue Us 
> 
jf Lid 
vo faired fal, 
5 uz d yt to 
where x = 3 af aia oa 
U, Uy Us U 


4 bataeo) 


and as defined earlier, a = g*, a’ = q®* and so on. 
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Let A and A, be the q-difference operators 


AT =u! (1 os tS ) ..(3.6) 
D 
In terms of these operators, relations (3.2) take the simple form 


A, F (a) = (1-4) F (aq) 


A, & (a’)= (1 —a’) F(0’9) 


tr 


~~ 


A. F (bt) =(1—b) F (64) 
A, Fb) =(1—b) F(6'q) 
AP F() = (1 = cq) F$(c q-2) 


Ay F (c’) = (1 —c’ g-}) F (c’ q-)) 


+ F(%°) (l-a(l-b) J 1,6 
we WPe peerte ele 


ve F( a, a’ b, b’ )= (4; q)a (a’; q)a' (by qh e (b'; qye_ 
cc" (ce; gr (c’3 Q)r 


=/( agt, a’ qt, bge, bg? 
x F( cql, c'gf’ ) ‘.43,4) 


where relations of the type 
Ai F (a) = (1 —a) F (aq) implies that the parameter a is transformed to aq, 


that is « is transformed to « + 1 in F (since a = q 


*) ando ; 
affected. ) ther parameters are un 


(3.3) and (3.4) will become the following canonical partial q-difference 
equations satisfied by Z: 


(4; A; SA) F=0 
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and 
Se eer eee £2 aoe oe ce 
Hse ah snd? A, ; cecadaint’ -a: \¥ =o. 3.8) 


\ 


Furthermore & satisfies the dilation eigenvalue equations 


ad 


Ti 77 T, 


a’ 
car as T2 T. ~a'l 


, 


| 
| 
| 
Te SH es ea PP tae a 
| 
: 
j 


-1 v7! 


Ts T, T; 


ps = 
™m~ C 1 i & he nwt’ -] 
Give Soe: ia ...3.9) 


where 7» stands for Tu, and A ~ a, where Aisa q-difference operator anda E€ q, 
implies A FY=aG. 


Indeed, & is characterized by (3.8) and (3.9). It is (to within a constant multi- 
ple) the only solution of these equations analytic in 4, u2,..., ug atu7 = ug = 0. We 
can regard an analytic solution of the canonical equations (3.8) as a generating func- 
tion for generalized g-Appell functions, following Weisner’s method’. Itis also 
relevant to mention here that the canonical equation 


—- a= + at 
RG Age ee Oe © 
is the g-analog of a wave equation in four variables. 


The results for each of the g-Appell functions fi, f2, fg and fa are presented in the 
following table : 


Function Canonical equations Eigen value Figen functions 
equations 
a 
Pee Pea ‘aes fates ni ) 
| oa 3 a, A 4. AD 0 Tidy ly e+ ye ») 
hee rr a’ at Or get Woe On ity ee 
A, A, A, (4, Teel eo xXUy He Us, Uy Us ue 


— aval Ag~0 T3T7T, ~ b-1 where 


e 1 Mae 
ee erate 
T4T, ~b mee 
a8 ,-f ay 
T5T, Ts ~ cq + an 
Sf’ 
’ Us Ug ug 
of Heo ee eae ss ES 
T6T, ~c gq y ares 
U, Uy Ug Us U4 


(equation continued on p. 982) 


982 LAKSHMI VARADARAJAN 








Function Canonical equations Eigen value Eigen functions 
equations 
UN a A, ~ 0 Ti; T7 Tg ~ a™1 
AVA, At AP 0 Tet BO A(® ei Seti 
Cc, uWyug uy U4 
Tag Tg ~ bY 1 
-1 p= é —o =8 Sek ye 
Ts, Ty eg | eee ages : 
3. Ss Ay A; -AZAT~O 11 T7173 ~ 1 dob eee 
Uy ug "uy U4 
ate ne fe 
A, A, — A, A, ~ 0 T3 T7 ~ b-1 c,c: 
om} 2 pea ne 
Ta Tg ~ b X Uy uy uy xe uy’-1 
wo 
Fed oo esegyh 
= i 
Ts T, ~Cc qui 
A = a ao / 
4. fe A, So A; Ay~O %T%~ a! a, wip bob: 
U5 u 
f 5 UZ u5 Ug 
a & vi 44 uy U3 u2u 
ASA, — 4g Af .~0 Ta Ts ~ a™1 abe 4 
T3 Tz ~ b-1 
Tae mc pet -% 2 8B _p yy 
Pas | ~ 2 
Ts 1 i iP ~ cq=1 
> A 
Soa Sa 4, 43 — A, AY ~ 07177 Ts ~ a-l a, b; U5 U7 «Ug Ug 
“ug” wu 
Gye: AS Ia nae 
gre — A, A; ~ 0 T3 T7 Tg ~ b7-1 c,c’: 


Ts ie ~ cq-1 


1 ’ x = oie 
Te Ty ~ ec’ gl Xuym us” u 
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4. GENERATING FUNCTIONS FOR gq-APPELL FUNCTIONS 


The smooth extension of Lie algebraic theory to local Lie group theory and 
obtaining generating functions thereby, is not applicable here. There is no g-analogy to 
exponentiation of differential operators in the ordinary theory. However, in particular 
cases, the analogy is successful. Here we will present some examples showing how 
generating functions for the g-Appell functions are associated with the canonical equa- 


tions (3.8). Here it is usefult o recall that F given by (3.5) is a solution of (3.8), and that 
Ay » A, 43,4, aM aA 


as Ss ; Ay and the dilation operators in (3.9) are symmet- 
ries of equations (3.8). Here again we follow the approach of Agarwal et al.}. 


Consider the g-exponential 


co 


a Ne ee 
wane 8 (9;9)n (X35. q)oo BETES See 


n>0 


satisfying A* eq = eg (Slater®, p. 92). 


In a formal sense atleast, we can say that the operator eg (a AY ), A € g. isa sym- 


metry of (3.8). Applying this operator to a basis solution Y (3.5), and making use 
of (3.7) and (4.!) we obtain, 


as We . = Cre eine 
eq (a a") Fw) - > A (:dn F (aq”). phan) 


To calculate the left hand side of (4.2), we employ Heine’s (q-binomial) Theorem 
(Slater®, page 92) 


(a; q)r ee (at ; Dec ...(4.3) 


4 (q; qQ)r (t ; Doo 


r-0 


Using (4.3) we derive, 


5 RAGS SEX SQ) ohn 2 AM 4 t .. (4.4 
eq ( AA, )x" Wena | ANd. Soa 


From (4.4), (2.2) and (3.5) we get 


e(aa,) = 





(Aa/u13 Dee (a; q)msan (a's q)a'n (b; q)msen (b'; qe'n X™ Y™ 
“()ui; q)oo ( (Aalui ; q)m..an (c 3q)myfn (c’ 3q)s'n (9; 9)m (9;9)n 
n=0 


(equation continued on p. 984) 
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epee peated sy rath ieee mek ¢ Fed, 
x uy us Ue, uy ue Ue ( 
where 
fe sf lg 
us U7 aie ee: 
a uy UZ a, Gye 
U,UsUnU, 


Equating (4.2) and (4.5) and writing A/u as ft, we get 











(ta; Do 8 $ (a; q)myna (a’; q)a'n (b; q)msen (0'; gje'n x™ y® 
(t : q)oo (at; q)myan (c; q)m,fn (c; q)f'n (4; q)m (gq; q)n 
n=0 
= (a: q) r bb’ 
a, Wr aq", 0,0; 
= Ss ie’ ‘ ae 
> q; Q)r ( Fog oe y (4.6) 


No doubt, the generating relation (4.6) does not look very elegant. The result looks 
cumbersome because of our idea of developing a unified approach to all the four basic 
Appell functions. When we consider (4.6) in individual context, the relation will look 
much more elegant and meaningf ul since the left hand side functions in (4.6) will be 
q-analogs of Kampe’ de Fériet functions. Furthermore, in this case as well as in all 
the results later obtained in this paper we can deduce the results for ordinary Appell 
functions by making q — | while noting down a = g* and soon. Similar generating 


relations for Y can be obtained by taking Oty A, , AZ and A, and proceeding 


in the same lines as above. 


To obtain series identities concerning qg-exponential of A* operators we have to 
consider the other g-exponentiat§, 


- a 
Eq (x) = >> x® = (—X 3 Goo. ...(4.7) 


(q; 
n=0 


Like in the previous case, we can consider Ea ( —A AE and Eq (-a AY ) to be 
symmetries of (3.8). 


It is also obvious that 
Av; Eq = — q™! Ea 
and eg (x) Ea(—x) = 1 (Slater, p, 92). 
We can verifiy using q-binomial theorem that 


Eq(— AA* ) xn = xn LAIX5 Moo 
eee pri is: > (4.8) 
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We have from (3.7) and (4.7) 


P) 


( re ~ qn(n-1)/2 ~ 
Ea\— AA; Ft) em (—A)" (cq7h: q)n F (cq-") 


n=0 


n (ce 1 q; Q)n x j 
> (A c/q) Tl deol ocd) 244.9) 


and 
ey ay an iS (a; gn (B; q) 
E« | —A A. )F( = 7 EG G8 eee ea Aletta i, Eta ae a 
, ( c 5 (yn (q;qn (4 


~ ( aqn, bqn ) 
a F( ea ... (4.10) 


As earlier we can calculate the left hand side of (4.9) and (4.10) using (4.8) and (3.5). 
After some simplfication, we get the following generating relations : 


oO 
(qtic; q) aS (4; q)m,nd (a’; q)n'a (b; q)m.en (b’; ge'n (t; q)m nf x™ yn 
(t; q) (ce; q)myng (c’; Q)t'n (93 q)m (G3 q)n 


mn=0 


Ps Sarge _(glesq)r_ es fae ay jer (4.11) 


>Qr cq # c 3 


and 


(G5 q)m. na (a'; q)n'a (b; q)m,ne (b 5 q)n'e (t; qm x™ yn 
(c; q)m, nt {c' 3 g)n't (93 9)m (9; Q)n 


mn=0 


co 


(a; q) (b: q)r = le awed 
rte Lily See Ee EAE ke at > 
sa q (C3 Qr (G3 Dr OF G2 “ 


f= 


(- tx)’. AC 4 


Again (4.11) and (4.12) will give more manageable and elegant results when we con- 
sider the individual cases, that is taking any one set of values from (2.3). 


Now we are going to consider some examples where the generating functions are 
directly characterized in terms of symmetry operators of the canonical equations (3.8). 
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As a very simple we aim at an eigen function characterized by the following 
relations : 


a’ 
= BS aE 
AY an wae oe T, a 


Ta Ty Ty by Tle 


—-~+ 


...(4.13) 
: et oe ee 
Yi To T,’~ eqn, T6 T, m6 qui: | 


These equations with A; replaced by 1 in (3.8) are in canonical form. 


In this case the 
variables separate and we see that the function 


£ 
ees us wu ug 
5 
Ee (=u | 0, 6.0) 6 
u3 d e ut 
ee es 
rote ot 
cyt wae? fee wey es 
ue ie Ue ...(4.14) 


satisfies these equations. 


The following generating relation is an immediate consequence: 


(tq; Doo F ( hd dala xt, yt4 ) 


Ges 
x b, b 
-n ’ 4. 
= Kn F ( oF Oa a \en, sen (4215) 
C,Cy / 
n=0 
Setting x = y = 0 and using (4.7) we get that 
(— 1)” qn(nti)/2 
kn = ———_—"——_ 
og (9; q)n , .. (4.16) 


By considering other A’ and At operators we can derive similar series identities. 
Consider another example : 


AAs ~1, Ty Tz) ~a 


4 


‘ 
Tg T, ~ Gch Te Gee) 


-1 _-f s f rt 
Ts T,” Ty ~iegs, Te l, megs ret CR bf 
together with the canonical equations (3.8). 
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Here the calculatlons will be tedious if we consider all values for d, d', e, e', f and f. 
Hence, we consider two individual sets of values from (2.3) for which we get generat- 
ing identities without much difficulty. 


First let 
(d, d', e, eon) = (1, 0, he, 0, 1): ...(4.18) 
We see F = f, for these values from (2.3). We see that the function 
A — 0, 0; ce APE oll 
01 ee 5 Uy U3 )fs ( epee ass LM Bqmnns 
...(4.19) 
where 
0 < n 
A % 
os ( eo 3 (4,9 ")n(q sq )n \ 
‘i 


satisfies (4.17) together with (3.8) for the set of values (4.18) 


Therefore, we get the following generating relation : 


; = 0, 0; 
of1 Cae ar )f ( Racine ) 


rm 
= 3 Cn tia ( oe 5 q*; Xe y) {n. ee CEPA 
c,c; 
n=0 


Setting x = y = 0 we get 
} 


Erg tn OE Te Pe 


Cn = 


Next let 
(d,d, e,e’, ff) = (0, 1, 0, 1, 1, 0). ...(4.23) 
For these values ¥ = fs. 


Proceeding as in the previous case for this set of values (4.23) we get the generat- 
ing relation 


en O88" x7) 


aq-} ’ 
o — 
+0) 2.90,’ 
= eS cn fa ( “4 5 q x,» ) (4.24) 
n=0 


We see that cn is again given by (4.22). 
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CONCLUSION 


A detailed study of g-Appell functions through Lie theory has been made. In 
the process new series identities were evolved. We can proceed in the same way to q- 
Lauricella functions and get the corresponding results. Also results for ordinary 
hypergeometric functions can be reduced by making g > I. 
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The aim ofthe present paperis to extend Classical Laplace-Hardy LF, 
transform to generalized functions. Analyticity theorem, order property, 
boundedness theorem, inversion theorem, uniqueness theorem, representation 
theorem and operational transform formulae for Laplace-Hardy Fy trans- 
formation of generalized functions have been proved. 


1. INTRODUCTION 


The classical Hardy’s Cy-transforms and Fy-transforms with their inversion 
formulae are represented by the following two integral equations? (p. 694): 


f(x) = fi Fy (tx) tdt F Cy (0) 90) a 1) 
and 
f (x) = § Cy (tx) tdt ies ty) yf (”) ay A(.2) 
0 d 
where 


(a) Cy(z) = cos (p 7) Jv(z) + sin (pz) Yv (z) 


— (-1)™ (= )+20+2m 
eae) ae 2 Vop+tmt+lr(p+mt+yt i) 
m=0 
eas Be jada Sv42D-15¥ (z) 
PAPUA P) 
(c) Jy (z) and Yy (z) are bessel’s functions of first kind and second kind* 
(p. 344) respectively, and 





(d) Sy,v (z) being Lommel’s function® (p. 345), » = v + 2p — 1. 
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The kernel function Fy in (1.1) is the solution of Bessel’s differential equation 
Bye (Ps (x) = xitben2 ter 


where 


~~] 


2 l v2) 
pe -( DE +—— 5) 
(Pathak and Pandey, p. 760). 


The classical two sided Laplace transform is given by 
co 
F(s)= f f(t)e* dt, Res > 0 with .3) 
-_D 


where / (1) is suitably restricted conventional function on the real line — co < t< o., 


The conventional Laplace-Hardy LCy transform of a complex valued smooth 
function ¢ (ft, x) is defined by the convergent integral, 


F (s, y) = LCy(¢ (t, x)) =f few Cy (x y) b (t, x) xd xdt ...(1.4) 


where a and b are real numbers such thata + Res >Oand 6+ Res <O0,s@=oe 
+iw,|v|<« <4, The inversion formula for (1.3) due to authors! is given below : 


co 4o+tr 
¢(t,x) = lim (2ri)"1 f ff e8 F(s, y) Fy (xy) y dy ds Clie) 
0 le=tr 


r> oo 


where r is a real number and ¢ is any fixed real number such that oj < co < og with 
Re s = o (Zemanian, pp. 35, 36). 


The conventional Laplace-Hardy LCy transform (1.3) has recently been extended 
to a certain class of generalized functions by authors!. 


Throughout the paper the proof of standard lemmas and theorems are clear and 
they are omitted. ; 


2. TestING FUNCTION SPACE PHS. Peaks 


Let a, b, t € R1,s € Cl and foreach j = 0, 1, 2, ... Nav, (t, x) be the function 
such that 


ett x- 257% 0 < ¢ < c0:0 = 
are (t, x) 4! S 1 < ©93 eS SS 
et x B2_cw<t< 0:x>1 222) 


where « and 8 are fixed numbers Satisfying «+v+2p >+0,8 > 6 = max(v + 2p—2, 
—1/2) respectively for — 1/2 < y S 1/2 and real p. 
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Now for each non-negative integer K = (k1, ke) belonging to R2, we define a 
space By {Q) consisting of all infinitely differentiable functions ¢ (t, x) de- 
fined over the domain, 

Q = {(t, x) | — 0 < t < ©; 0 < x < ©} 
satisfying 


oR By oe 
pre (O(x)) = Sup | nan (4x) DB’ ( 
co <f¢<0o war 


¢ (t, x) 


Ji<e 
x 


0<x<00 


ns ee) 


7] 


k 
where ie is Bessel’s differential operator defined in Section 1, and Dz; = aie 
7] 


Dt = re Obviously OH cs (Q} is a linear space under the pointwise addi- 
tion of functions and their multiplication by complex number. Clearly poe is a 


norm for K = 0. Therefore the collection of seminorms oe es -o 38a multi- 
1"2 


norm for 7 H”..., (Q) and we assign to 7 Hy’, (2) the topology! generated 


by the countable multinorm ie ihe ae BL = 


Thus the linear space ¥ ig ee (2) with the topology generated by 


io. 2) 
V»D 
\f ef 'Bra’b bees 
is a countabe multinorm space. 


We say that the sequence {¢m (I, Ee in ah oie (Q) converges to ¢ (I, 
x)in  H''% (Q) if for each fixed a, b, K, « and B, ee (¢m — ¢) tends to zero 


«'B>a-b 
2 V»D 
as mtends to co. Similarly we say that the sequence {¢m (t, Reg Ine esgic) (Q) 


+B 
is a Cauchy sequence if for each fixed a, b, k, « and B, Paspn (Pm — $n) tends to 


zero as m and n tend to ce independently. 


YH” | (Q) is complete and therefore a Frechet space. 


Lemma 2.1— osBoab 


Lemma 2.2—£ Ho i (2) is a testing function space. 
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VoD 
Tur COUNTABLE-UNION SPACE AND Its DuaL £H,,9 (w, z) 


Pp ° 9D 
We shall now turn to certain countable union space He ‘a (®, 2) generated 


from HY3 ap (9). Leto denote either a finite number or -- co and z denote a 
a finite number or + cc. Consider two monotonic sequences of real numbers 


{am}"_, and {bm}*° , such that am + , and bm — z-. 


Letty HY" |, $2. bea sequence of countably multinormed spaces such 
% Bsa.) bm m=1 


that 


v,D V5D Vyp 
Bs Mer Ow its ROOT Csi edd 
a B a, b, a-B asd, m Bam Om 


i err oe 


wR +10 +1 
where dm < Q@m41, Dm < bm41 .«... 


Further assume that the topology of each Bogert is stronger than the topology 


induced on it by ¥ Hy3 Pe a a He (,z) denote the union of all these 


2B Om a 
spaces. Thus 


& BA Dm 


Vs a > 
HY. (0,2) = U # 1. ps ...(2.4) 
m= 


V»sD 


°° converges in Aysg (, z) if and only if it converges in 


A sequence {¢m}>_, 


3p c,8 * 
one of the Y ie (Q) spaces and this definition does not depend on the choices 


V»D 


of {am} and {bm}. Since for each m, Lg Ba, son (Q) is complete and hence the 


; y, : 
countable union space  H, . (w, z) is also complete. (LY Boek (w, z) denotes the 


dual space of 2H, (, Z). (Hie (», z) is also complete (Zemanian9, 
Theorem 1.9.2). 


Now we give some lemmas which will be found useful in the sequel. 


Lemma 2.3—If — 4 <v < }, preal« and 8 are fixed real numbers satisfying 


a+v+ 2p >0,8 > 6 = max (v + 2p — 2, — 4) then for positive fixed values of 
dR ti : i 

yand Res > °, e~s' x Fy (x y’) belongs to Bad | Hees (Q) asa function of x and ft 

where F, (xy) is the same as defined in the article Section 1. 
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Proor : Consider, 
axrBo- os k, ky -st ¥F. ; 
Pasore(e * xFy (xy)) = Sup | na,n,7 (t, x) D, ff (eseey 
; Q v'% ? x 


= Sup | nasoos (1, x) (— 1) sty e-8 {(—1)k yy Fy (xy) —yet2n 


Gi XY 2D-Bi yRky-2iy | 


j > 
omg 


i 


S Sup | Ga,0,5 (t, x) x¥*2P prt2ptky sky e-st {(xy)-(vt2p) Fy (xy) 
a 


Ko 
+ r at (xy)-2#} |. 


Now by ae asymptotic orders of Fy (xy) Pathak and Pandey® (p. 96) it is easy 


+"P) 
to see that | Can Fy (xy) | 1s bounded by M for x > 0, fixed by y > 0 and the 
series on the right hand side in the bracket is a series of positive finite terms which is 
bounded by M; for x > 0, fixed » > 0 and ak, being the certain constants depending 


on vy and p. 


Therefore 


ie 6 (ex Puxy)y = Sue INaybyf (t,x) x¥t2P e 8t (M+ Mj)\lsky pYt2P#2k2], 


Pah 


Now Sup | Na,o,4 (t, x) x¥2P e-8' | is bounded for « +-v+ 2p > 0, 


lv | cops OS ae en 
| sy | | Yv*t2n*2k. | is finite for positive fixed values of y. 


a 58 


- Pisysp (€°% xFu (xy). < 09 


ee xFy (xy) E€ 2 Hs, (0). 
Lemma 2.4—Let |v | < a < }, then for fixed ¢ > 0. 
MO et) ee Be. (0), 


where 


2sin prsin(p + y)7 


Pix, 7, 8) tr ex 
7 Sin vr 


Q (x,r,s,t) = 
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and 
q(x, r,s, t) = wal = es q(x,r)r#x 
eopteacat azo est q(x,r)r = x. AL) 
where 
q(x,r) = array 
= aoe r= x [Pathak and Pandey’, p. 250]. 


Proor : The proof of the lemma is clear and parallel to Lemma 2.5 of Ahirrao 
and Morel. 


3. PROPERTIES OF THE SPACE Hy’... (2) 


(ye riny cs Hee (Q), and the topology of D (Q) is stronger than the induced 


topology on it by Bee (9). The restriction of f € (2 HY (Q)) )to D(Q) 


a Bobb 
isin D1 (Q) 


(II) For eacha, b,v, p Hera (Q) C « (9). 


(III) For each f € (2 1s tee i (2) there exists a non-negative integer r and a 
positive constant C such that 


l<f, ¢> | <C Ta,v,« (4) 


where 
Taw (6) = max p°* (4). . 
0<ki<r — 
O0<keSr 


(LV) Let f(t, x) be a locally integrable function such that 
co 


co 
i ; | [Ma,v,9 (t, x)J-1 xf (t, x) | dt dx exists, then f(t, x) generates a regular genera- 


lized function on (2 1s fides: ), (©) through the definition 


<fo>= | | /@0$Gxdtdx ge eH (Q), 


a°Bra’d 
0 
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a 


4. THe CONVENTIONAL LapLace-Harpy LF, TRANSFORM ON HY", (0). 


Let ¢ (t, x) be the conventional function defined on 2 = {(t, x) | —-eo<t < ©, 


O<x<oco}. Ifd(t,x) EY 1d Hales (Q) then its conventional Laplace-Hardy LF, 
transform on Q is given by 


Co oo 
F (s, y) = LFy (4 (t, x)) = f J es Fy (xy) x d (t, x) dx dt ...(4.1) 
-00 
exists for a+ Res <0, b+ Res <0, |vlvi C2<i,< I/2,«4+v+2p>0 
and B > max (v + 2p — 2, — 12), 
Indeeed, we know that for. an appropriate M >0 


| Fy (xy) | < M (xy)’*22 for all x > 0,» > O (Pathak and Pandey®, 
p. 696). 


Ba co 
1F(,yl= 4 e-8t F, (xy) x $ (t, x) dt dx | 
—00 
coo «1 
< M yrt2p eae (¢ (t, x)) 1| | | x¥+2p+2-2)-m e-(ate)t dt dx | 
0 O 


0 © 
+ | | | xVt2p+B+4 o-(bts)t dt dx | \ 
-0o 0 


Now consider first integral 


1 
fr fo | xrt2p-25-942 e-(atnes)t dt dx | 
0 0 


1 
= fr] e- (ates) dt | § | x*t2p-2j-«+2 dx | 
0 0 
which exists fora + Res >O|v| <a < l/2andv + 2p—a—-2+320. 
For second integral consider 


0 
f tI xt2ptBt+4 o-(b+Res)s | dt dx 
1 


exists for b + Res < Oand$® < — (v + 2p + 5) 
. (4.1) exists fora + Res >0,b+Res<0,a+v +2p 20, 


6 > max (v + 2p — 2, — 4) and|[v| <4 < 3. 
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The inversion function ¢ (t, x) is represented by 


[oe] o4tn 
¢ (t, x) = a lim | | F (s, y) es Cy (xy) ydy ds ... (4.2) 
2mt 1+ 0 
o-it 


for all (t, x) € © where » be a real variable and o = Res is any fixed real number 
such that oy < o < og. 


5. LApLACE-HARDY _Fy TRANSFORMATION OF GENERALIZED FUNCTION 


For f (t, x) € (2 Hogan ), (Q) we define its distributional Laplace-Hardy 


Y Fy transformation by the relation 
Fi, y= FF KWiftt, x} = <ft,xyerr hye a 
where y > 0, x > 0, t>0,—4<v< 1/2 and Fy (xy) is the same as defined in 


. \P 
section § 1. We known that for fixed y > 0, e~* xF, (xy) belongs to ¥ 2 bagi (Q) 


[Lemma 2.3] as a function of ¢ and x andf € [2 Fe bags ), (Q). Therefore the 
relation (5.1) is meaningful. 


We shall now state the analyticity theorems for the generalized Laplace-Hardy 
¥ Fy, transformation. 


Theorem 5.1 (The Analyticity Theorem)— For y => 0, let F (s, y) be defined by 
(5.1), the F (s, y) is infinitely differentiable and 


oes on 
Fk (s, y) = cae ih eis Gs, Ok es x Fy (xy). Sel otal 
If 
Dk = ha then s 
Os*, Oa" 


FF (s, y) = < f(t, x) D¥ e-st xF, (xy)>. 


Theorem 5.2 (Order property)—Let f be a member of ( UF ip n ).@), 
y >0,a< Res < band F(s, y) be defined by 


F (s,y) = < f(t, x), xe78 F, (xy)>, 
then 


F(s, y) = 0 ( | sy))*+22 asy— 0,a < Res <b 


= 0(| sy | 4+? asy + co, a < Resch AA EBS 5 
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where r is some non-negative integer and « is a fixed positive number such that | v | < 
a < 1/2 and B > 6 = max (vy + 2p— 2, — }). 


Theorem 5.3 (Boundedness Theorem)—If F (s, ) = Fv { f(t, x)} for (s, y) 


€ Q' f, then F (s, y) is bounded on any subset 2’ f = {(s,y) | a< Res<b,0< y 
< cc} of Q according to 


| F(s,») | < P(| sy |) where P( | sy | ) is a polynomial depending upon 
aand b and 


lv}<sas —}f. .+(5.4) 


6. INVERSION AND UNIQUENESS 
In this section we have extended the inversion formula (4.2) to a space of genera- 
lized functions in the sense of weak distributional convergence. 


The proof of inversion formula requiressome lemmas and wherever necessary 
the proofs of some lemmas are given. 


Lemma 6.1—Let ¥ Fy { f(t, x)} = F(s, y), for (t, x) € Q and for any ¢ (ft, x) 
€ (Q), set 


G(s, = fF f ett (t, x) Cy (xy) xdx dt. (6.1) 
0 co 


Then for any pair of fixed real numbers n and n’ with — e° < n < 00; 0 <n’ < ©° 


n n ‘ 
(27)-1 { ydy J G(s,y) <f(T, 1), te 8" Fy(ty)> do 
0 -n 


, 


‘ n n ‘ 
= < /f(T,t),(27)1tf Jf G(s, y)e% y F (ty) dw dy> ...(6.2) 
0 -n 


where s = oc + iw and ¢ is any fixed real number such that 6) < o < og. Res =a, 


Proor : For ¢ (t, x) = 0 on Q, the proof is trivial. Let ¢ (1, x) # 0 on ©. Since 
F (s, y) is analytic on © and G (s, y) is entire, the integral on the right-hand side of 
(6.1) exists. First we shall prove that 


n n 
V (7, t) = (2m)-1t f J GOs, y) esl yF, (ty) dwdy yO) 
0 -n 


as a function of (T, t) belongs to 2 Hv3,,., (9). 


For consider, 


B 
othe V (T,t)) = Su 
0<t<00 





k “ 
» | na,v,s (T, t) Bee B.? (—& t)) 


(equation continued on p. 998) 
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‘ 


n n 
= Sup | na,0,7 (7, 1) Do BoP. {ny [> [ Gis,yder F, (ty) a I. 
) 
—n 


k2 


k1 p 
By smoothness of the integral we may carry the operator D,. B,.. under the integral 


sign. Hence we get 


ae 


n n 
een Cee a Sup | aves (7, t)(2ny? J J yG(s, y)(—I1 shy ev 


k2 ; 
{=] 


non 
< Sup | NasbsJ (7, t) est tv +2p sky (2x)-1 J j G ts. y) prt2prl 
Q “nn 


k 
2 

{(ty)-(@*22) Fy (ty) + y2*¥o = as (ty)24} dy dw]. 
t=1 


Now using the asymptotic orders of Fy (ty), | (ty)" (“+2”) Fy (ty) | is bounded by M for 
allt > 0, fixed y > 0, -4 < v < } and preal. The series on right side in the bracket 
is series of positive finite terms which are bounded by say M for t > 0, fixed y >0 
and ak, being certain constants depending on v and p. 


fe ae 7 


Therefore pats V (T, t) < 00, hence VV (T, 1) © HY” » (Q). Therefore the 


right-hand side of (6.2) is meaningful. Now consider the Reimann-Sum 





_ M oN 
@m,n (T, t) = Sy > te-siT Fy (tyj) G (st, ys) ee : ...(6.4) 


f=-1 t=): 


By applying / (7, 1) to (6,4) term by term, we get 


M WN 
= aCe t), @®m,n (7, t) — e for T(t, t), fem Fy (ty,) 
= j= 
2nn’ 
G (st,ys) uN? ...(6.5) 





Since < f(T, t), te%T Fy (tyj) G (sé ¥j)> is a continuous function on —n < w <S 7, 
0 < y Sn’, the sum on the right-hand said of (6.5) tends to 


n 


n 
J J <f(T, t), t eT Fy (ty) G {s, y)> y dy dw, as M > co, and N > co, 
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Since f € a 1 Pe : (Q) our lemma will be proven when we show that 


@vm,w (T, t) converges in AG aa (Q) to 


t 


oes 


n 
J es? Fy (ty) G(s, y) yd ydw, as M 3 00, N > co, 
~n 


In other words we have to prove that for each pair of fixed real number n,n’ 
| @m,w (T,t) — V (T, t) | converges uniformly to zero on 2 as M > cc, N + co, the 
proof can now be carried on as in Zemanian? (pp. 65-66). 


Lemma 6.2—Let a,b, o and r be real numbers with a<o<b. Also let 
¢ (t, x) € D(Q), then 


co 
ot ¢ 
(n)-1 | b(n +7, 1) 1 TA ay 
— 606 


vy? 


converges to $(f, T) in Y H,’s,,., 


(2) as r > ©9, 


Proor : The proof is parallel to Lemma 3.5.2 [Zemanian®, pp. 66-68]. 


Lemma 6.3—For ¢ (t, x) € D (Q), set G(s, y) as in Lemma 6.1, then 


n’ n 
tMnn' (T,t) = t (27)1 J yvdy J G(s, y) es F, (ty) dw ...(6.6) 
0 —n 


. 3? / 
converges tor ¢(7,?) in £ | hie (Q) as n,n’! > ce, 


Proor : We shall prove the result by justifying the steps in the following mani- 
pulations. Let (a’,b’) x (a”, b") be the compact support of ¢ (t, x) € D (Q). Therefore 


n’ n 
(2n)-14f f G(s, y)e-8? yFy (ty) dwdy 
0 


—n 


= (27) 1t { " a‘ Ai db (t,x) e8t Cy (xy) e787 pF, (ty) xd xdt dw...(6.7) 
0 -n a’-o 


, , , 


—(amy-tt t FS eet Co (xy) Fo (ty) ydy) 9 (t, x) ett xdx dt dw 
-p -© a’ 0 


...(6.8) 


= (27) tf i f (Hn, (t, x, 8, T) + Q (t, x S, T)) @ (t, x) e8 xdx dt dw 
ah a ...(6.9) 
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= (2ny1 it reny ensT est b(t, x) dt du ...(6.10) 
= (2n)-11 V6 (t, x) Cf es(t-7) dw dt (6.11) 
YES ( es(t-T) sn Ge $ (t, x) dt At6.12) 
Se (uri [es on or Fn aa ...(6.13) 
This converges to 

td (T, thasn > ©, .-.(6.14) 


The step (6.7) follows from the expression of G (s, y). 


The result (6.8) follows from (6.7) by interchanging the order of integration. Since ¢ 
(t, x) is of bounded support and the integrand in (6.7) is a smooth function of tage 
Result (6.9) follows from (6.8) by Lemma | (Ahirrao and More!). The expression 
(6.10) follows from (6.9) by Lemma 2. (Ahirrao and More!). Result (6.11) follows 
from (6.10) by using law of indices and by interchanging the order of integration, since 
the integrand is a smooth function having a bounded support. Result (6.12) follows 


n 
from (6.11) by integrating { e%(¢-7) dw. Result (6.13) follows from (6.12) by substi- 
~n 


tuting ¢ = t; + T and replacing x = f. Result (6.14) is an immediate consequence of 
Lemma 6.2. This completes the proof of Lemma 6.3. 


We are now ready to state and prove the inversion theorem. 


Theorem 6.1. (Inversion Theorem)—If f@xHe ( Bind i Mi oe )@ 


and 


F(is,y)= Y Fy {f(t,xpa<c f (t, x), e-8* x Fy (xy)>. 


Then in the sense of convergence in D’ (Q) 





n’ o4tn 
/ ] 
S(t,x) = . bik ie | | F (s, y) e** Cy (x, y) ydy ds ...(6.15) 
: 0 «-in 


where o is any fixed real number such that oj < co < oo, Res = oa, 
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ProorF: Let (t,x) € D (Q), our object is to show that 


1 * otis 
lim <(2mi)-1 | ! F (s, y) e8' Cy (xy) ydy ds, x $ (t, x)> 


n,n' +00 0 c-in 


mi J (0, 3),1 © (1, ts ...(6.16) 
Since ¢(t, x) € D(Q), x ¢ (t, x) € D(Q), (6.16) will be equivalent to showing that 


lim <(2ni)71 j ig F ts: y) s& Cy (xy) ydy ds, x $ (t, x)> 


n,n'—>0o 


tee f(T St), POT, >. AO. 1) 


From the analyticity of F(s, ») on Q, the integral (6.16) is a continuous function of 
(t, x) and therefore the left hand side without the limit notation can be written as 


, 
nm o«+in 


Qy1 FT fot x)xdx dif [ F(s,y) ett Cy (xy) ydy dw ...(6.18) 


where s = a + iw, since ¢ (t, x) is of compact support and the integrand is a conti- 
nuous function of (x, y, w, t), the order of integration may be changed to yield 


n n 


(27)1 Jf J<fS(7,1t) e-* tF, (ty) G(s,y) >ydy dw ...(6.19) 
0 -n 
which is by lemma 6.1 equal to 


< f(T, t),(27)-1t if J e-8T Fy (ty) G(s, y) ydy dw ...(6.20) 


because f belongs to ( oad ihe ays ) , (Q) and in view of lemma 6.3, the last expres- 
sion tends to < f(7,¢), t ¢(T, t)> asx, n’ — oo, which completes the proof of the 


inversion theorem. 


Theorem 6.2 (Uniqueness Theorem)—Let F (s, y) = © Foff (t, x)} and G (s, y) 
= ¥ F, {g (t, x)} for all 


(s, y) € Os = {(s,y) | 91 < Res < oo, O< y < ©} 
and 
(s, vy) € Qg = {((s, y) 51 < Res < co, 0< yp <o, 


Assume that Qr¢ © Qg is not empty and that F (s, y) = G(s, y) for (s, vy) E OF 1) Qo. 
Then in the sense of equality in D’ (Q) f(, x) = g(t, x) for all (t, x) € Q, 
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Proor : For any ¢ (t, x) € D (Q) and using Theorem (6.1) we get 


<f (t, x) — g (t, x) t¢ (t, x)> 


n n’ 
= time <5 [| et CO CO)IFG, ») — GO, ML vdy dst 
-n 0 


n.n'>o 


(t,x)> = 0 for any ¢ (t, x €) D (Q). 
Hence f(t, x) = g (t, x) in the sense of equality in D’ (©). 
7. A REPRESENTATION THEOREM FOR THE DISTRIBUTIONAL LAPLACd-HARDY ¥ Fy 


TRANSFORMATION 


Theorem 7.1 (A Representation Theorem)—If f € hg Lee ), (Q) then f 


can be represented as 


= = amtn 
<AO> SSS Bmw sa Urania (t42)Pmyn (x) Fmyn(tx)]6> 
m=0 n=0 
Gil) 


where Fmn (t, x) are continuous functions on 2 and Pmn (x) are polynomials of degree 
ky + ke and 


Bm,n = constant = max ((2j + «) (27 + «— 1)(27) + @ — 2)..(27 tao — ky + 1). 
a) j= 01,2. 


8. OPERATIONAL TRANSFORM FORMULAE 





: O¢. ; 
| ie operation ¢ > — ay 188 continuous linear of mapping of bf be i 
(Q) into itself. Since 
e ad 
«98 — od k k mt 
Pp : ok bh (Eas } w=; 5 : ( ot 
RTE a1 ap tert Eo ae x | 


Vo ws 


k k f 
a a ka | 2 d (t, x 
ae | Nasb,J (t, x) D, 8 ( ( ) ) | 


«,8 V> 
= Poon, tiey (4) forall ¢ © 2 Hypa, (2). 


x 


Therefore we define the operator D; on (2 HY ) , (Q) by the relation 


a°B-asb 


HJ ee Op 
<Difio>=<f, — sane A Sade 
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This leads to the following transform formula. If fis Laplace-Hardy transformable 
generalized function, then 


(2 Fy a Ja, x) = <Dt f, e-& xF, (xy)> 
= </f,(—D:) e-& xF, (xy)> 


= <f, s e~8 xFy (xy)> 


= 5 <f, e8 xF, (xy)> 
. of 
( Fy 7 )an=s 2 K(f x), for all (t, x) E Q. 


More generally, for K = 1, 2, 3... 


(er, Dr f | (t,x) = sk P Fy { f(t, x)}, (t,x) € Q. (8.2) 


Similarly, the operation ¢ ~ Az is a continuous linear mapping of ee 
(Q) into itself since 





a 5B k k 
Pane, (Ae ¢) = Sup | nant (t,x) D, 82, (24 )I 
ax»B 
WOK 5k *1 (?). 


We define the operator Az on (2 aoe ) »(Q) by <Az f,d> = <f, —Acd>. 
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‘ i. : F ‘ a , 
Fourier-Laplace transforms of generalized functions in ( so ) -spaces 


are studied. The results are used to obtain distributional boundary values 
of functions which are holomorphic in tube domains TC = R” + i Cand 


which satisfy certain growth conditions. Converse results are also obtained. 


1, INTRODUCTION 
Solov’ev!! has extended Schwartz’s theory of functionals of arbitrary singularity 
and studied the Fourier-Laplace transform of SE -spaces as distributional boundary 


values of functions holomorhhic in tube domains. Many other authors have studied 


distributional boundary values concerning functions holomorphic in tube domains in 
the papers! 4°7-9. 


Gelfand and Shilov® have explored the spaces W}, and ( ee ) In this paper 


we establish the conditions for a generalized function in ( We ) to have a Fourier- 


Laplace transform and describe growth conditions of spectral functions. Imposing 
certain growth conditions on holomorphic functions in tube domains, distributional 


; a ; ’ 
boundary values in ( at ) “spaces are studied. Converse results are obtained by as- 
suming certain growth conditions on spectral functions. 


2. NOTATION AND DerinITIONS 


The notation and terminology of this work will follow that of Schwartz!9, For 


various n dimensional notations and definitions of various terms related to tubular 
radial domains we refer to Pathak8’9 and Schwartz!2, 


Suppose that ® ( 
respective dual spaces. 
¥ defined by 


R®) and ¥ (R%) are test function spaces and ©’, ¥’ are their 
The Fourier transform of the function ¢ € ® is an element of 


* . Fi oe 
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F [¢ (H] = $ (1) = = ¥(s) = a Ohl peter ids, 


t € R”; while the inverse Fourier transform is defined by 


FUSM= Go| sMerr dr 
RR. 


Suppose the Fourier transform defined above maps ® onto ¥ one-to-one and continu- 
ously. Then the Fourier transform Y’ into ®’ is defined by 
<F [g],¢> = <g, F [¢]>. 
If on ¥, the operation of multiplication by e-<*'¥7, y © R”, is defined and continuous, 
then for each generalized function g € YY FY |ge <7] EO. 
Let f(z) be a holomorphic function in T° = R” + iC, where C is an open con- 


nected cone. A generalized function g is said to be the spectral function of f (z) if 


< & [gz (a) e-<*""?], d> = E| S (x + iy) ¢ (x) dx e(2e1) 


for ally € C,¢ € ®. The holomorphic function f(z) is called the Fourier-Laplace 
transform of g. The function (g* ‘’) (t) defined by 


(g* VY) (t) = <g(s), ¥ (¢ + t)> AA 


where g € ©’ and ¥ € 9, plays a fundamental role in our present investigation. 


3. Test FuNcTION SPACES AND THEIR DUALS 
Let M (x), (x > 0), and © (y), (y > 0) be arbitrary convex functions defined by 
Gelfand and Shilové (pp. 1-6). Let W*, = Wy Pr 
fined by Gelfand and Shilov® (p.26). Then the following results hold : 


M (x1) + M (x2) & M (x1 + X2) X1, X2 2 O. 


be the test function space de- 


Assume that for sufficiently large x 
My, (v1, x) & Me (v2 x) 


with some constants yi and yg. Then the inclusion 


w* w® 
"My, = M, 


holds. If Q1 (vy) < Q2 (y) for y > 0, then 


a a 
1 - 2 
WA a! Wag 


1006 R. S. PATHAK AND A. C. PAUL 


The dual space of W;,, is denoted by ( Ws i. If M (x) nnd Q(¥) are dualin the 
sense of Young then 
xy < M(x) + 2()y) for x,y D O. san(#1) 
For any x we can find a y = y (x) which with the given x turns the inequality (3.1) 
into an equality. 
Let us note a few properties of dual functions which will be useful in the sequel. 
Lemma 3.1—If M (x) is dual to to Qa (3), Mi (x) is dual to Qa, (y) and M (x) 
<M; (x) for sufficiently large values of x, then Qa(y) > Qa, (y) for sufficiently large y. 


Proor : See Gelfand and Shilov® (p. 19) 


Let Qa(y) and Ma(x) be the functions which are dual in the sense of Young 
to the functions M (x) and © (y), respectively, then we have the following relation® 


(p. 27): 
ye eee oa ne GA2) 


Let ( Ua ) be the dual space of ae . Then the Fourier transform of an ele- 
ment V € ( Re ee is defined to be the element U such that the Parseval relation 
<U, Y> = (27)" < Vi, ¢> ad KI) 


holds, where 4 € ee , = F [¢(t)] belongs to ae and U isthe Fourier trans- 
form of V denoted by U ae [V]. In fact the Fourier transform is an isomorphism 
from ( ie ) onto ( Woe y. 

4. Fourter-LAPLACE TRANSFORM on ( 13% )-sraces 


In this section we introduce the conditions for existence of a Fourier-Laplace 
Transform on ( War ) ~spaces. Throughout this section, we assume that Qa, Ma, Qa, 
Ma,, Qa, and Ma, are the dual functions of M, 2, My, Quy, Mo, and Qo respectively. 


Definition 4.1—If M < M,, then we define continuation of g € (Ws, y eo 
Peek. me 
( Wa )s08 © (i) m 


<8, 4 > rae (9), Yo (o + t) ¥ (c)> dz -«:(423) 
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where 


YE (Wc, Jand eae (We, ) 
0 


M < Mi < Mowith f vo (ec) deo = 1, 
R 


F —~o a1 
Lemma 4.2—A functional g € Naprad “= (Mae, ) allows continuation to the 


~~ 


a Sq 
space (Ws, ) ‘ CPA M < My if and only if 


A A ~M q(ar) 
| (g * ¥)(t) | Sg llao |ldllan e ’ .--(4.2) 


A ~ 
Proor : Let g allow continuation to the functional g € (Ws, i Then for all 
aandb . 


pigee EG) = | elo), 0 (2) | 


< llgllan I (¢ + Yao. 
Considering imaginary part as zero we calculate the ||) (¢ + 7)llav as follows : 
lt (¢ + t)llao = sup | v (o + +) | eMalae) 
og 
= sup | ¥ (a) | eMa(er-4") 
Cc 
< |Illan e Mal"), 


Conversely, suppose g € (Wis \ with the given condition (4.2). Then the con- 
1 
ce 
tinuation of g is as in (4.1). Indeed the shift operation does not carry one Out of Lavy 


and is continuous with respect to tr. Now we show that a function ¥o € Wr. is a 
multiplier in Ba where Mi < Mo. For every ¥ € V2 , we have 
| b (z) do (z) | & Lexp (— Ma(ax) +Qa,(dy)) Li exp(— Ma(ax)+Qa,(dy)) 
< LLy exp(— 2Ma (ax) + 2Qa,(by)) 


< L' exp (—Ma(ax)+0a,(2 by)) (By Lemma 3.1) 


ee ct Ty ee ‘ 
Therefore, | (z) to (z) € Wu, and hence vo € Wu, is a multiplier in Wu, . There 
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a i inuous 
fore, the integrand (4.1) is defined for any Yo € Wm, and moreover, is a continuo 
function of t for which we have 


| <g (sc), to(o + t) ¥(s)> | = | (g* Xr) (+) | 


< |Igllav |[Xllav e~Ma(**) ...(4.3) 
where 
Xe (5) = bo (9) 4 (9 — *). 
Now, 
Xr (s)llan <& | %e (2) | eMa (ae) 
= | ¥o(s) | ¥(e — +) | eMalee) 
= |lvo ()llav | ¢ (o — +) | 
= |ldo (o + t)llav | (5) |. 
Indeed 
Ito (6 + rDilav & | bo (eo + +) | eMalee) 
= | vo (0) | eMa(ae-ar) 
<||Volla e~!(@*), 
Therefore 
Xe (S)\lan & |IPollan | b (c) | eal, 4a 


Inequalities (4.3) and (4.4) ensure the convergence of (4.1) for any Uo € Wy, By the 


same token the integral defines a linear functional over Wri . Itis also continuous due 
to the presence of | | (c) | on the right of (4.4). 


Now it remains to prove that on We, , the functional coincides with the origi- 
. aS . . . . . 
nal that is for / € usr integral in (4.1) can be performed within the functional 


bracket. For this following (4.1) we represent the space War as the union of coun- 
1 
tably normed spaces 


~~ , 
a,b ™~ sb 
Wu a A Ws a! * 
1 a’>a 1 
a>b 


an 
eek da Wh aa Then we have ||Zellan < L [ y(s) | e~Ma(®), It follows that the 
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integral (4.1) in this case remains convergent if gis replaced by any functional SE 


(ws, ip Indeed 


|< f (9), vo (o + 1) b(a)> | 
S || flav | Xe (o + *)llav 
S || flav | Xe (o + +) | eMa(ae) 
= II f Ilan | Xr (s) | eMa(ae-ar) 
S Il f llav |[Xr (0) Ilan e- Mala), 
Thus, the Sequence of the integral sums Y ( (¢ + te) b (o)A te is weakly funda- 
mental ia Wr and therefore converges in we fo some element. This element can- 


not be anything else but the function +. Since convergence in the topology of Wi, im- 
1 


plies convergence of the functions in the ordinary sense. 


. ~a . . ~a . ~a 
Since id is dense in Mie. and hence in W,, , therefore the continuation of gto 
Sl | 


W,, is unique. 


This proves the lemma. 


Lemma 4.3—Let the function f (z) be holomorphic in the tube domain TC = Rn 
+ iC and for all number « > 0 and compactum K C C, let it satisfy 


| f(z) | < De (K) e®(2), 2 E R" + iK. (4.5) 


Then f(z) has a spectral function g defined on some space Wi, that possesses the fol- 
lowing properties : 

(A) The function g satisfies the growth condition | g | < Le~™a(a*), 

(B) The function g (cs) e-<*’’? for every y € C decreases not slower then e~™@a(«') 


and this decrease is uniform with respect to y in any compactum K C C. 


Proor : Suppose ¢ (z) € gh . Then ¢ (z) is an entire analytic function which 


satisfies the inequality 
| $(z) | < L exp (—M(ax)+0(6y)). .+(4.6) 


Therefore 
<g,v> = J f(x + iy) ¢ (x — iy) dx (4.7) 
Ra 
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where ¢ (x) = YF-1[¥ (0)] and » is an arbitrary point in C, defines a linear functional 
on the space We _In view of the Cauchy-Poincare Theorem, (4.7) does not depend on 
on y. Using (4-5) and (4.6) we have 


8, Pe ne | f (x + iy) Il 6 (x — iy) | ax 


I 


D.(K) § et(@z) L e-M(az)ta(ey) dx 
R” 


De (K) L ea) fe @ 9MC@z) dx 


R2 
< o9, 


Therefore (4.7) is convergent. Formula (4.7) is obtained ficm the relation 
(2.1) by substituting ¢ (x) > ¢(x— iy) under which the space Wi i map- 


ped onto itself one-to-one. Therefore, the functional g is the spectral function of the 
function f(z). 


Considering zero as imaginary part, we can calculate the function g* ¥ as 
follows : 


l(g * 4) (st) | = | <g (9), $ (¢ + 1)> | 
S |lgllav ll} (6 + *)llan 
= |Igllan sup | U (o + 7) | eMa(ee) 


= \|g|lap sup | wy (s) | eMa(a¢ ar) 


S llgllav |Il¥lav e 4a), ...(4.8) 
Thus g satisfies the condition (A). 


- 


Now suppose that XK is a compactum in C and Q isa bounded set in Wy é etl us 


. . 2 < > 
estimate the function (g e * v) (t), YE K,v © Q. Let 8 be a constant less than 


the distance from the compactum K to the boundary of C. For ||Ay|| < 5, we have 


ee ea) ts) sik f(x + i(y — Ay)) ¢(x — i Ay) 


exp (— i<+t,x — iAy > dx 


= Ans + i(y — Ay)) d(x — iA y) exp (—i<+,x>) 


exp (— <t, Ay>) dx. (4.9) 
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Using (4.5) and (4.6) we have from (4.9) the estimate 
[ (geo? @ ) (x) | 
= D, (K) e~<" a"? ae exp — (1—e) M (ax) dx 


= D,' (K) e7< "47? ea(bdr), ...(4.10) 
For any given t we can choose Ay such that < +, Ay> =. 


Ma (t/b) + Q(b Ay) holds. Therefore the estimate (4.10) becomes 
-M, (c/b 
Igen<9> » W(s)| =D, (Kye 
which satisfies the condition (B). 


This proves the lemma. 


~ e 


Lemma 4.4—Let a generalized function g € (Ws, } possess the property (B) 


with respect to some domain C. Thenit hasa Fourier-Laplace transform f(z) that 
is holomorphic in the tube domain T° = R® + iC and satisfies in the domain the 
estimate 


Pere Reo (ry, (411) 


Proor : Let us consider a function vo € Wis , where Mo (x) > M (x) with the 


property that Jf o(c)do =}. 
R2 


Consider the expression 
BZ eee, Po) 0. (Gat 8) eee a .»-(4.12) 


First we show that the function F (z, t) is holomorphic in z for any + € R®. Taking 
partial derivative, we have 


chao 


Czk ts iz t)) =< @g (c), bo ( ot t) i ok et S e427 >. 


Further by virtue of the condition (B) for a sufficiently small neighbourhood U of an 
arbitrary point z9 € T° one can find constant Z (U) such that 
| F(z, x) | = | <g(¢), ¥o (6 + +) ef <o*" > | 
= |(ge-<o'¥" # doet<o'%*) (s) | 


< Le-Ma(l), zEU 
and 
a (F(z, *)) < ok | (g (0) e- <4" e do ef Sor) | 


< ox L e-Malt®) = L' e- Malt), v..(4.13) 
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Therefore, F(z, t) is continuous. It follows that the function f(z) = { F (z,*) dt 
Rn 

is defined in T° and moreover, is holomorphic in this domain. 


We now estimate the behaviour of F (z, t) not only with respect to t but also 
with respect to x, assuming that y belongs to compactum K C C. Using the continuity 
of the Fourier operator, we can rewrite the condition (B) as 


| ge-<eu>* FI] (x) | < Lav (K) lldllan e- Mal?) (4.14) 
vpEK,¢eE Wie , Which on account of the relation 


to (s) ef <9? = F [go (E + x)] 
ives 
| F(z, t) | & Lav (K) |ldo (& + x)llan e~ Male!) 


z € R® + ik. Now, considering imaginary part as zero, we have 


Ido (6 + Dilan = sup | do (E + x) | eMo(@*) 
TEEP | do (&) | exp (Mo(aE —ax)) 
< |Idollan e~@o(™) 
S |I¢ollan e- !@(@*), 
Hence 
If 1< § | FG, +) | at 
Ra 
< Lav (K) ||¢ollan e-@(%) J e~Malt)>) de 
Rn 


< Lap (K) |I¢ollan eo !@(* 


which satisfies the estimate (4.11). 


ef 
Lemma 4.5—Let g evar Itg e~<*'y> for every ) in the domain C 


. ~ a 
allows extension to the space W,, , M < Mj, then the functional g the property (B). 


Proor : Suppose K is a compactum in C and Q is a bounded Set in w* , We re- 
present the function (ge~<*'y?* ¥), y © K, vb € OQ in the form es 


(ge-<TY » v) (+t) 


= (g e-<out bys e<,’Av>) (2) e- <a> (4.15) 
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assuming that ||Ay|| < 5, and that 5 is so small that y + Ay does not leave the compa- 
ctum K C C when p ranges over the compactum K. For the functional g e-<*¥> 


a 


which continues g e “°'”* to the space we : 


we have 


A A 
| (g e-<o'¥? # X)(s) | Sil ge *9'Y? IlavllX (6 + )llao 
< |lg e-< 7" Ilan ||Xllan e- a (at) 


aed | 
where X € W,, . Therefore, using the freedom in the choice of A y in the representa- 
tion (4.15) we obtain 


A 
| (g e<o4™ # (b) (t) | <Ilg ce <9" lav Lav (Q) e~< 44” —Ma () 
...(4.16) 
where the set 


{X:% (0) = (a) ev ar?, b E Q, ||AyII< 3} 
is bounded. The first factor on the right side of (4.16) is bounded due to the following 
proposition. 
Proposition 4.6—Under the same conditions of Lemma 4.5, the function G (y) 


= || ge-<°* lay is continuous in the domain C. 

We shall prove the proposition later, Now for any given + we can choose y such 
that Young’s equality holds, that is, <t, Ay> = Ma (at) + © (Ay/a). Therefore we 
have 

e7 <P Av?—Mg(ar) = e-Maq(4r)- 9(44/2)-Ma(™) 
ae e7 2M q(a1)-a(av/a) 
< e Mq(ar) 


where 2 (Ay/a) < Q (8/a) a constant and e-9(8/a) < 1, Therefore, we can conclude 
that for the function (g e<°4" * ¥), yE K, VE Q, the condition (B) holds in 
which § has its earlier meaning of the distance from the compactum K to the boundary 
of the domain C. 

Proof of the Proposition 4.6—Let » € C. Onaccount of the triangle inequality 
for all increments A y that does not take one out of C 


A A 
i\G(y + Ay) - GQ) | Sg e~ <(eutdy> — g e-<2Y” |lap 


N 


= sup | cgenter, (ofa? — DOD 1. 


vlan S 1 
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Strictly speaking, this equality holds only if the operation of multiplication by 
“~~ so . 
(e~<° "AY —1) does not carry the set ||¥llan < 1 out of W,,; however, for sufficiently 


small A y this is certainly sol1. Moreover,a simple calculation by means of Leibnitz’s 


rule shows that for ||Ay|| < min be eating 5 + i the image of this sphere is bound- 


ed inthe norm || - |las1,041 by Z |/Ay||, where Z is a constant. Therefore, our estimate 
can be continued as follows 
|G(y + Ay) — G(y) | < Ile 7S °'Y Ila. 1,041 


x sup |i(e-<*'49> —1) Plla.1,041 
IlYla,o Ss l 





>QOasAy—0O. 


This proves the proposition. 
Sif 
Lemma 4.7— Let g E(w, 1; The set of all » for which g e <*’¥> allows ex- 
tet! 
tension to the space W,, with M < My; is convex. 


Proor : By Lemma 4.2 it is sufficient to prove that if the functionals g e~<°'¥7 
and g e-<°%" have growth order not higher than the first, then g e~<* >, where 
y=tyt+ hye, 2 0, te > 0,1 + fg =1 has the same behaviour at infinity. For 
this we consider the estimate 


(ge-<0?«% Yb) (t) = (g eo <e'’t are b e<e'Ay>) (x) e- <u> 
taking Ay || yp — y, p = 1,2, so that 


(g e-<t'y? * v) (s) = (g e <o'Vy * vy) e<o'¥y-Y) (x)e-<P up >, 
Let & range over a bounded set O C Ws, with M < Mo. Then 
0 


|b (a) e<eryp)> | = | Yo) | | ese)? | 
< eM g(ae) e<o(¥p~y)? | ' 
Now, for p = |, 2, we have 
2 tp <s, yw — Y> = 4, (1 — vy) + fo (v2 —y)> = <0, 0> =0 
and the scalar product <s, yp — y> cannot be simultaneously positive. Therefore 


<eoyv.~4 ’ . ° ~ a 
eXer%p-¥? <1. So that e<*'%p-¥> (a) is bounded in W,,,: Phat is the image of the set 
0 


. . . oat 
Q under multiplication by e<*-p-y> js bounded in W,, - Let this image be denoted 
. . . . 0 
by Oz. Taking minimum with respect to p = J, 2, we obtain 


| (g e-<e> @ 4) (x) |< max [Les (Qe MA nin e-<rgy-9>. 
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Note thate “<"%p ¥’>< 1. This proves the lemma. 


Let us summarize that we have obtained. 


Theorem 4.8—Let a generalized function g be defined on the space We met | 
1 


a ~ . ° ent 
ge" <*'¥> for every y in some domain C allows extension to the space W,, withM< Mj, 


then g has a Fourier-Laplace transform f (z) that is holomorphic in the tube domain 
T°(C) = R® + i O(C), where O (C) is the convex hull of C and for any compactum 
K C O(C). The transform satisfies the estimate (4.5). 


Conversely, any function that is holomorphic in the tube domain 7° = R® + iC 
and satisfies the estimate (4.5) thenis the Fourier-Laplace transform of a uniquely 


~~ 


defined generalized function g € (Whe ) for every compactum K C O (C). 


~~ 
Qa 


5. DISTRIBUTIONAL BOUNDARY VALUES OF (Wa, ) — SPACE 


Definition 5.1—Let f (x + iy) be holomorphic in T© and let it satisfy estimate 
(4.5). Ifa point y withinthe domain C approaches any point} of its boundary, then 
f(x + iy) = ge-<*”? +ge-<s77, Andthe limiting value on the real space Im 
z = 0(if 0 € @ C) is the Fourier transform of the spectral function g. 


If C’ is a compact subcone of C we write C’ CC C. 


Theorem 5,2—Let the function f(z) be holomorphic in the tube domain rT’ 
= R" + i Cy, where C; is the intersection of the open connected cone C with neigh- 
bourhood of the origin of radius r. For all numbers 0 < ¢« < | and cone CateG Gilet 
it satisfy the estimate 


| f(x + iv) | < Dz (C1) fe M (ax) + € 2 (b/y)} . pens dd 


z € R" 4+ iC;. Thenf(z) has a boundary value f that belongs to the space ( w 2) 


to which it converges in the strong topology of this space as y — 0 within an arbitrary 
cone that is compact in C. 


a 
Proor : Let g be the spectral function of f(z) on any space (We, ) = W Ma 


where M < Mj. In view of our assumption about the behaviour of f (x + iy)asy— 0 
we shall show that the functional g has growth order less than — Ma(t/b). For 


- e 
y € Wry = We the convolution 
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(g* ¥) (t) = < g (5). b(e + 1t)> 
= <glo)eSev>, bit) exovr 
< SS I al ee ee 
< GF { f(x+iy)], J d (x) ei< wt > es ove ei< or >dx> 
R2 


t) 


=< F1(f(ixt+ iy), F [6 (x — iy) e tse v>]> 
< f(x aF iy), ¢ (x — iy) etsnz-ty> sy 


I 


Therefore, 


(g* ¥) (t) = _f f(x + iyo) ¢ (x — in) CHS B-H%9> dx (5.2) 
R2 


where ¢(x) = F~1[¥(o)] and yo is an arbitrary point in Cy. We shall assume 
that yo € C). where C’ fixed cone that is compact in C;. Now using (5.1) we have 


from (52) the estimate 


l(s*W(r1< Sf [fle + iyo) | | d(x — iyo) | 


R” 
pea e7~ Sry > | e-tSra> | dx 


i D, (C’) J (es (22) *<a(Iy0) 
R2 


Idllan e~My (27)ta(by)) e-< PV >)dx 


I 


Dz (C’) |IPllav exp{e 2 (b/yo) + O (byo) — <t, yo>} 


xX J e-(@-9)M, (a2) dx 
R2 


l 


D’ (C’) lilan exp {eo ( x + @ byo) — <s, r0>} (5.3) 


. 


For any given t we can choose Yo € C\ such that <+, yo> 
holds. By this fact the estimate (5.3) becomes 
| (8* 4) (2) | < De (C2) [I$ lan exp {e Q (5/¥0) 
+ © (b yo) — Ma (x/b) — Q (byo)} 
= Dé (C’) IIdllav exp { — Ma (z/b)}. 


= Ma (t/b) + Q (byo) 


»..(5.4) 
since © (b/yo) is constant for a fixed yo. Since the Fourier Operator is continuous, 
then we have ; 

| (s*¥) (=) | < De" (C’) [IIJan exp {— Ma (+/b)} (5.5) 


which is the derived growth condition, 
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In view of Lemma 4.2, this behaviour of the functional g at infinity means that 


. . ~a "d . . 
it allows extension to the SpaceW,, = Wu, and it remains to show that the Fourier 


transform of this extension / is the limit of the function f(z) as y +0, yE C’ 


ae ed 3 
= aq 
in the sense of convergence in the space ( ae \ = ( es i 
To prove this we note that the function 
(ge-< 9" >* q) (<) = a f(x + iyo) ¢ (x — i (90 — 9) 
n 
exp ~“fS z-iyy-y)> dx ...(5.6) 


satisfies the estimate (5.5) not only for y = 0 but also uniformly for y € Cc ; for if 


—<t, y> > 0, the estimate (5.5) can only improved and for — 


<1t,y> < 0 setting 
y = ry/\ly|, we can majorize this expression by a constant. 


Now we shall show that the function Jf <ge-<°7> db (¢ + t) b(c)> dt for 
Rn 


eg r 


Red l ae = -a%0 we 
ve Wry, = Wy, and $o € Wy, Sage ih Yo (s)do=1,M< Mi < Mo is 


continuous with respect to y in any sphere | | < 1. Indeed | <g e~< 97> bo (o +1) 
v (s)> | can be written as | <g e~<e>,%, (o+7)> |, where X, (c)=o (s) b s—r). 
We have 


| <ge~S o>, X4 (a + t)> | <ilg e-< 67> [lay [ellen em~ Malar). 


—-M (ar). 
From the proof of Lemma 4.2, it follows that IXellan < Ly | b(c)| x e : 
Therefore, we have the estimate 


ee SF a) b= | arer<ev>, x, (o + 2)> | 


—2Mq(ae 
alee | eic)ie 


By Proposition 4.6, ||g e~ < °Y > |lay is continuous in the domain C’. . Since | & | is con- 


tinuous in C' , therefore (g e~ < °'” > *Y,) (+) is continuous in C... Moreover (g e~ <7" > 

* Xr) is uniformly continuous with respect to y in any sphere | ¥ | < 1. Therefore, the 

function | < ge~S°><, tg (o + +) b (c)> dt is continuous in C; and moreover 
R« 

is uniformly continuous with respect to y is any sphere| | <1. Fory € C; this 

function is identical with f f(x + iy) ¢ (x) dx. Hence, for all a and b 
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f(x + iy) —f lao = sup | Jf f(x + iy) ¢ (x) ax 
IPllaogl RR 


—<f ¢> | > 0 where y — 0 within C’. 
This proves the theorem. 


Theorem 5.8—Suppose the function f (z) is holomorphic in the tube domain T© 
= R” + iC, where C is an open connected cone and for all number 0 < « < 1 anda 
cone C’ CC C satisfies 


| f(x + iy) | & (De (C’) exp {e M (ax) + ef (bly) + (I + € + 2) 
Q (by)}. (7) 


Ped | d 
Then its spectral function g € (Ww, ) = ical, decreases not slower than 


t Pa : 
exp | ran (Il+e+1) Me ae )} within any cone Ce ie 


~a aq 
Conversely, any functional g € (w* ) = ( ees ) which decreases not slower 


b(l/ +e+ 1) 
form that is holomorphic in T© and satisfies the estimate (5.7). 


than exp \- (i +¢e+ 1) Ma (sea )t in Cy, has a Fourier-Laplace trans- 


Proor : Suppose f(z) is holomorphic in T° and satisfies the estimate (5.7). Its 


~~ 


a aq 
spectral function g € (w* iT = (Ws) is obtained by Theorem 5.2, and our pro- 
} : 


~~ a 
blem reduces to estimating the behaviour of g in Cy. Let J € W = W with M< 
1 ad 


M,. Then by definition of the spectral function, 
(g* ¥)(t) = < g(c), U(¢ + +)> can be written in the form 


(g* Y) (+) ae AG: + i¥o) ¢ (x — iyo) e~ < Pt+#79) > dx ise 


where yo € C’ CC C and ¢ (x) = F-1[v (s)]. Now 


HEDIS [Le + ivodl & — 0) | e-<P%0> | et see? | dx 


< D. (c+) | exp jeM (ax) +€O ee } 
Yo 
Rs 
+(/+e09 (byo) } Idllav e- My (4%) * a(by 9) e-<Pv>dx 


S De(C) Iisllan exp {e Q (b/yo) +U +e +1) 0 ‘byo) 


(equation continued on p. 1019) 
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—<t, yoS} J e G-9M\(@) dx 
R2 


< Di (C) lWvlav exp «0 (~ ) + (I +e+ Do (by0) 


It vo>t. eos) 


For a given t, we can choose yo in such a way that <7, p> = + Ma (t) + Q (yo) 
holds. Therefore, (/ + « + 1) Q (byo) — (t, yo> 


— l +i <t, Yo> 
Nese 1) | 2 (yo) (Pree E 





=—(I+e+ 1) Ma( bil a + ») 


and for this fixed yo, e**(?'"9) is replaced by a constant. Hence the estimate (5.9) be- 
comes 


b(I+ € +1) 
...(5.10) 


| (g* ¥) (=) | < Dt (C+) lidllan exp \- G+<+ yme(7 7) 


which is the desired estimate. 


a aq 
Conversely, let g € (w* ) = ( fee ) and let it satisfy estimate (5.10) in Cy. 


Then its Fourier-Laplace transform f (z) = J F(z, t) dt can be constructed using the 
Ra 


~ Say 
auxiliary function vo EW, = W grith M < Mj. The problem is then reduced to 


estimating the behaviour of the function F (z, t) which is defined by 

F(z, +t) = <g(s), ¥o(s + t) efS 9" 7) > eA eit WB 
with respect to t forz € T Cc’. Then from the proof of Lemma (4.4) f (z) is holomor- 
phic in T°. 
Now we have 

| F(z, t) | = | (g* to ef <9” tt) Pen es hel epg) 


Suppose + varies within a cone C, CCC. Then our assumption concerning the beha- 


vior of g in Cy gives 
| F(z, t)| < De (C1) llto <9" 7 lav exp {— (I +<¢« + 1) Ma 


(sass) 4 <1, y>} (5.13) 
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Assuming C, C C Cy we can write that for all zET’, C’ CC C,t € R"\ Cy, 


the estimate 
| F(z, t) | & De (C’) |Ibo ef < &* > |lay exp {— Ma (t/b) + <1,”>}....(5.14) 
The inequality (5.14) ensures convergence of the integral f(z) = f F (z,t) dz and leads 
Rn 


to the following estimate for the Fourier-Laplace transform of f (z). 


I f(z) 1 < De(C Ibo ef<%,* > Ian x [ sup exp {—Ma (t/b) + <t, y>} 
TERS\C, 


Tt 
ai [sup exp }-U+e40 Me (sageaay) 
HERA CA 
a <5 o>) 1), 


By the Young Inequality, we have 
— Ma (t/b) + <t, y> & — Ma(t/b) + Ma (7/b) + Q (by) 


and 


2 
—(l+e+ I Ma ay) + <a> 


b(] + «€ + 1) 
b(li+e+ 1)y> 


= —(] 1 Vesa a eee 
(+ e+ 1) Mal Spay 





“i 
x {Me (sastap + 26y)} 
= (1 + € + 1) Q (by). : 


With regard to the factor Ito e#@S °° >Il05 the continuity of the Fourier operator 
enables us to replace it by |l¢o (& + z)llex; and hence 


Ito (& + x + iy)llap 
S sup | ¢o (8 + x +iy) { eM (a8)-a(ry) 
S sup | do (t + iy) | eM (at)-2(by) e-y (az) 
= |lPollan e~m (22) 


S IIPollay e¢™ (22), 
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Therefore, (5.15) reduces to 
| f(z) | < Dz (C') exp {eM (ax) + (I+ € + 2) Q (by)} 


< D; (C’) exp {eM (ax) + (1 + € + 2) 0 (by) + eQ (b/y)} 
since 


1 < etsy), 
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THE AXISYMMETRIC CAUCHY-POISSON PROBLEM 
IN A STRATIFIED LIQUID 
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UiSeA; 


(Received 27 July 1988) 


An initial value investigation is made of the axisymmetric free surface 
response of a non-rotating stratified liquid of fiuite or infinite depth to the 
initial displacement of the free surface. Based upon the Boussinesq app- 
roximation, the problem is solved by the joint Laplace and Hankel trans- 
forms and the integral solution is obtained. It is shown that the solution 
represents the linear superposition of the dispersive waves. Special atten- 
tion is given to the governing dispersion relations corresponding to small or 
large frequency and the Brunt Vaisala frequency parameter. The asym- 
ptotic analysis of the integral solution is carried out by the stationary 
phase method to describe the solution for large time and distance from 
the origin of disturbance. It is shown that the asymptotic solution consists 
of the classical free surface gravity waves and the internal waves. 


1. INTRODUCTION 


Historically, Cauchy (1789-1857) and Poisson (1781-1840) first initiated the study 
of surface waves produced in deep water by a local disturbances on the free surface. 
These studies were published independently in two classical memoirs by Poisson? and 
Cauchy. Subsequent investigations into the classical Cauchy-Poisson wave problem 
for an inviscid liquid was continued by many others including Lord Kelvin4, Burnside! 
and Lamb®. In order to determine solutions of the linearized Cauchy-Poisson pro- 
blem by a simpler method, Kelvin developed the method of Stationary phase and 
applied it to obtain the asymptotic solution of the wave motions due to concentrated 
surface elevation in deep water. Some of these solutions associated with various 


physical and/or geometric configurations are available in Lamb’s treatise on Hydrody- 
namics®, 


In recent years, several authors including Debnath3, Nikitin and Podrezov® and 
Nikitin and Potetyunko® have given considerable attention to the Cauchy- 
blems in an incompressible homogeneous inviscid or viscous liquid. Thet 
dimensional or axisymmetric free surface response of the liquid to eith 
placement of the free surface or an initial pressure impulse applied to th 
has also been determined by asymptotic methods. In spite of these studie 


Poisson pro- 
wo- Or three- 
er initial dis- 
e free surface 
s, the Cauchy- 
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Poisson wave problem in a non-rotating stratified liquid has not yet been investigated. 
The main purpose of this paper is to study such a problem which seems to be impor- 
tant and interesting from a mathematical as well as a physical point of view. 


This paper is concerned with the initial value investigation of the axisymmetric 
free surface response of a non-rotating stratified liquid of finite or infinite depth. 
Based upon the Boussinesq approximation, the problem is solved by the joint use of 
the Laplace and Hankel transforms. The integral solution seems to be the linear super- 
position of the dispersive waves. Special attention is given to the governing dispersion 
relations corresponding to small or large the Brunt Vaisala frequency parameter. The 
asymptotic analysis of the integral solution is carried out by the stationary phase app- 
roximation to determine the solution for large time and distance from the source of the 
disturbance. The asymptotic solution is found to consist of the classical free surface 
gravity waves and the internal waves. 


2. MATHEMATICAL FORMULATION OF THE PROBLEM 


We consider the axisymmetric Cauchy-Poisson wave problem in an inviscid in- 
compressible stratified liquid of finite or infinite depth. The problem will be studied 
under the Boussinesq approximation and the density field of the undisturbed liquid is 
assumed to be in the form 


Po = Poo exp (—8z), B > 0 S525 


where Pog and B are constants. The Brunt Vaisala frequency JN is defined by 


g dPo 
Aa {- os ae ji ...(2.2) 
which is real when the mean density distribution is stable (dPo/dz < 0) and it remains 
constant throughout the flow field because of (2.1). 

With the cylindrical polar coordinates (r, @, z), we consider a semi-infinite body 
of liquid bounded by 0 < r < co and —h<z< 0. The equilibrium state to be 
perturbed is the state of rest so the distribution of pressure and density is the bydro- 
static equilibrium state given by P = Po (z) and P = Po (z) with dPo = Po gdz where 
g is the acceleration due to gravity. Invoking the axial symmetry and linearization, 
the velocity components without swirling motion (v = 0), u, w and the small perturba- 
tion and pressure p’ are governed by the equations of motion 


0 0 0 

oP eaten en ee | pe eet AK 
poz w= —( 5+ 5 ) p’ — © 8’) (2.3ab) 
where Pp’ is the density perturbation. 


In view of the Boussinesq approximatian, we take Po as constant in (2.3ab) and 
introduce the acceleration potential % = p'/Po + gz and we can rewrite (2.3ab) in 


terms of % as 
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ra) 0 7] , 
o (uw) = — (= — ) (% — gz) — (0, gP"/Po). ...(2.4ab) 


The condition of incompressibility of the liquid is 


cabal as a pet Pret 
worm anak. Gn 


The equation of continuity is 


Cu u ow 
Tig Seg © = (0, eA 20) 
cr r Oz ( 





Introducing the free surface displacement function » (r, t), the free surface boun- 
dary conditions are 


X = gy, Ww = ne onz=0,t> 0. ...(2.Tab) 
The bottom boundary condition is 


Se 0asz > — hor zZ—73 — co, .(2.8) 


We further assume that X and its derivations vanish as r —~ co and/or z > — A. 


The flow is generated in the liquid by the action of the free surface displacement 
at t = 0 so that the initial conditions are 


u=v=X=0,y(r,t) = no(r) att = 0, OG r < o. alas 


We further assume that %o (r) is sufficiently small so that the problem can be treated 
within the scope of the linearized theory. 


3. THE SOLUTION OF THE PROBLEM AND THE DISPERSION RELATION 


It is convenient to reduce the initial value problem governed by the differential 
system (2.4ab) — (2.10ab) to a boundary value problem by using the Laplace transform 


xX (r, Z,s) = fee L.(F, 2 eth, : pe<tdabs 
0 
In view of this transformation, the system (2.4ab) — (2.10ab) reduces to the 


boundary value problem 


—_ xX aos 
Lee sri + A2X2 = 0,0Kr<0o,—-heoz<e0 «=(3.2) 
where 


st 


iS are | (3.3) 
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= Ny = 
X = gn, Fags + A2%z = sno (r) onz=0 ...(3.4ab) 
* >0asz—> —horz—> — oo. ve, RPS) 


To solve the boundary value problem (3.2) — (3.5) we apply the Hankel trans- 
formation of zero order 


X (k, z,s) = ne Jo (kr) X (r, z, s) dr. saat 2) 
0 


In view of this transformation, the system (3.2) — (3.5) reduces to the form 


~ kK? 


eee hes 4 ae | ae a eg < ew, 
Lee Wey? h<z<«<0or eat CN (3.7) 
~~ ~~ yo. Pat _ ; 
— — ow Pal teat Pattee ge = eee 3.8ab 
ears of: y tA Xe s19(k) onz=0 (3.8ab) 
op ET Se ene ree a (3:9) 


~ ~ 


The solutions for % and 4 ina liquid of finite depth are 


gsvxo(k) cosh s-(2 + h) 


X(k, z, 8) = eeeeiant Lin \e cite ooniich 
s2 cosh ( | + gka sinh ( sv ) ...(3.10) 
~ sto (K) 
4 (k, s) = h , Kh \. aye 
s2 cosh ( a -++ gka sinb( 5 ie ) 


The inverse Laplace-Hankel transforms gives the solutions in a liquid of finite 


depth 





aCe co 0 (k) k Jo (Kr) cosh (2 + h) dk 
g st d ee ee 

(nnn =z | s est ds 7 3 -_ 

> # kh 
71 c~-ico 0 g2 cosh ( r ) + gkr sinh (qe ) 
...(3.12) 
. ~~ 
Tat T no (k) k Jo (kr) dk 
mike ae fs 0 *2cosh ( es) + gka sinh ( a) 


(3.13) 
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The solutions for X and » in a liquid of infinite depth are given 


= _ $8 40K) oesia (3.14) 
re (k, 2; s) 7 ad g2 4 gka e 

= oS a Rr oe n0 (k) eer . 5 
DARA = Pare ey (3.15) 


Application of the inverse Laplace-Hankel transformations gives 








C41 00 00 i) ie 
x yy _ kJo (kr) dk 
L= Ani | s es! as (s2 + gka) exp ( d kJo (kr) d 
c-i00 0 
«od( 3-16) 
C460 love] ~ 
= | s es ds | __kno (k) Jo (kr) dk 
Nag (2a ie (s? + gka) 
C-t 0 
... (3.17a) 
C4460 00 ~ 
a (i aay, [tenes 
eee a gris Cee 
c-100 o( 5? + N2+ 1 ) (3.176) 


where Re (A) > 0 that is necessary for a meaningful dispersion relation. 


We guarantee the restriction Re (A) > 0 imposed in solutions (3.16) — (3.17) by 
selecting an appropriate branch cut along Im (s) between the branch points at s = + 
iN. It is easy to check that the integrand in (3.17) has two imaginary poles at s = +4 
outside the branch cut ( > N). Consequently, substituting s = + iN. 


A2 = (1 — N* o~*) in the denominator of the integrand of the solutions and equating 
the resulting denominator to zero, we obtain the implicit dispersion relation 


gk hie 
w2 =N2 + a ,A = (1 metre} ) 12, .-.(3.18ab) 
Eliminating of A from (3.18ab) and expanding of this result for small N2, we obtain’ 


9 
@= 


N2 N4 
wa se he o( ara) as N2 > 0. Prt Py BD 


In the limit of N2 > 0, (3.18ab) yields the well known dispersion relation 2 = gk 
for the deep water waves in the absence of stratification. 


4. ASYMPTOTIC ANALYSIS OF THE FREE SURFACE DisPLACEMENT FUNCTION 


. In the absence of stratification (VN = Q), the initial value problem formulated in 
previous sections reduces to the classical Cauchy-Poisson problem which has the solu- 
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tion (Lamb*, p. 432) in the similarity form 


ay a ad gi" 
mn = Te SFO, F= 27 ...(4, lab) 





where F (—) = cos E. 


Invoking %o (r) = a4 (r)/r so that no (k) = a, and introducing non-dimensional 
free-surface displacement function »* = r2/a 7 (r, t), we obtain from (3.17b) that 


MOCK. ok brace Pom . | (s +}. N est ds __k Jotkr) dk ..(4.2) 
27i 2 ex gk 
-t0o 0 (s = N2 a ec ) 





where the path of integration in the complex s-plane passes to the right of both the 
poles at s = + iw and the branch cut between s = + iN, o > N. 


It is, in principle, possible to develop »* (r, t) as a power series in time t by ex- 
panding its Laplace transform function about s = co, The power series representa- 
tion is quite complicated compared to the classical solution given in Lamb (1932), and 
it does not admit to a wave interpretation. Consequently, we write the solution only 
to the first approximation 

oo 400 
7* (7, ft) = rl k Jo (kr) kde | ( Um =) +0/( w s~-5, N2 09 
; J Qi ee s 3 0 


x §-5)] est ds (4.3) 


where 05 = Pk. 


We next introduce non-dimensional quantities defined by 


gt Z N2r 
> 


tc = re 2” = (xA)1/2 = Nt ...(4.4abc) 








a change of variable kr = and then perform term by term Laplace inversion to 
obtain the solution 


n® (r,t) = f [1 — 206 + O {2 C2, « Ce2]C Jo (0) dt. (4.5) 
0 


This integral can be evaluated by using standard integrals of Bessel functions to 


obtain 


ar (1) 221 + 1) ee 
n* (r,t) = T(0) — 2 r (— 4) + 0 (<4, +t) 


~~ ges O (x2, Kt2), ...(4.6) 
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This corresponds to classical similarity from of the solution with gf?/r as the similarity 
variable. 


In order to determine the wave structure in the stratified liquids, the asymptotic 
solution for sufficiently large time is of special interest. It is then convenient to de- 
form the path of integration of the s-integral in (4.2) into three closed loops separately 
encircling the poles and the branch cut. At the same time, we identify the combined 


contribution of the poles as 1" and the contribution of the branch points as No x awe 


next apply the laplace inversion to write down the integral solution for as oy in the 


form 


co 
n* (r,t) = r2 | cos w t Jo (kr) kdk ...(4.7) 
1 
0 


where w2 = N2 + - which becomes, in the limit N2 > 0 


2 N? 
w~ gk+—>— + O(N4), (4.8) 


In view of this limiting expression combined with a change of variable kr = E/A 
we obtain 


n* hee Jo( + )eae (4.9) 
0 





dn peat . AV2 Zou N2r N2r 
Jz cos [(4«)1/2 (& + “ )r2} Jol + +0(** 


2g g 
efi Jleae -..(4.10) 
where 
ata 
SS ete . (4.11) 


The exact evaluation of the integral in (4.10) isa formidable task. Hence the 
stationary phase method is employed to determine the dominant contribution of the 
integral for 4 S 1, «. we then replace Jo (z) by its asymptotic formula 


Jot) (— ) cos (2 -4 )z abt oy (4.12) 


In the integral (4.10) to obtain 
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none 2 ra i3ecNig + N4r2 __ 
Da (= pel [VE+> 0, +0, MT gemy 
N2r) \1!2 N2r 6 
X K x 
cos [4/4 (é + ; ]cos [— + aaa }@é. 
...(4.13) 


We next express the product of cosines by the sum of the cosines of the sum and 
difference of the two arguments so that (4.13) becomes 


* l 7 3a a 
nt ~ oe | (Vet saz) loos (HOB E + P+ E+ F 
— Ty + cos (402 (— + a®@—E-F+ 7% ydb. 4.14) 


We next apply the stationary phase method for large 4« to obtain significant con- 
tributions of the two integrals in (4.14) to oo . The first integral does not have any 


stationary point and soit has no contributions. But the second integral has a stationary 
point at &; = « — « which makes a significant to this integral for large 4x. Hence 
evaluation of the contribution from &| = « — « to the integral gives 











3a a 
pee sa HF 6 Py Ve P peat 
Ny (vei + We ) eo cos ( + 5 ir =..(4215) 
In terms of the original variables with 4« > a, this result has the representation 
1 ( gt? Nir ( gt? N2r sl gt2 He 
ROT: at So se hee altace ihe Sool 
mY Oso ules pe iva} es 
2 2 
x ( Li iil ) (4.16) 
 4r 2g 


This result corresponds to the surface waves in a stratified liquid governed by the modi- 
fied dispersion relation (3.14), and is believed to be new. In the limit N ~ 0, the result 
(4.16) agrees with the classical solution of the Cauchy-Poisson problem ina non- 
stratified liquid. 


We next turn our attention to the evaluation of No and make some changes of 


variables 
s=iNsin 6, A=-— itand, kr=6 .. (4.1 Tabe) 
in (4,2) to obtain 


20 
Ne a old = Co J (C)AA 
5 =~ — exp (iNt sin @) cos 6 sin 8 dg | iN2 sin @ cos @ — gcjr 
F 0 


-. (4.18) 
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where Im @ > —. 
A simple transformation of contributions of each of the four @-quadrants to the 
first quadrant combined with Im (9) > 0 — gives 


wj2 
4N2 : C Jo (S) de 
> sire cos (Nt sin 9) cos? 6 dé Per Tey eseerse ae enn cones, 
0 0 


After some algebraic manipulation of the integrand of the C-integral, it turns 
out that the integrand is of the order O (a2) and hence the ¢-integral has no significant 
contributions. The final result can be written in the form 


wl? 


ae | cos (Nt sin @) cos? 6 dg + O (a?) 
Tv 





lo % 





2N2r : l 2 
= = A 1 Wt) + 0 (22) .+1(4.20) 
2N2r_(_2 \i0.: ( as 7) 
- ay (Gar) sin | Nt 4 as Nt > co 
2 8/2 co: 7 a 
Aig x ( = ) ie ain ( we = a) ag Nii-> oo, .  .,(4.21) 


This asymptotic result corresponds to waves of amplitude O (x (Nr)~3/?) and frequency 
N. The existence of these waves is entirely due to the density stratification, and has 
no antecedents in a non-stratified liquid. Ultimately, these waves will decay as Nt co. 


5. DISCUSSIONS AND CONCLUSIONS 


It follows from the above asymptotic analysis that the dimensional form of the 
free surface elevation has the following asymptotic representation 


a 
n(r, 0) = hi ee . 


= 2 hf 0 +02 6,0) 


a gt? rN2 gi2 gt2 \1/2 
~ — (| 2 — ¢piki 22 
V2r2 ( ae Ae )( ar *) a ar 


gi? ax 2 : 
cos ( ae + «)— ar nr )® sin (1 _ +) 
(Sit 


This solution consists of two distinct terms representing waves. The first term 
in (5.1) corresponds to surface waves which are qualitatively similar to those in the 
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classical Cauchy-Poisson problem for an inviscid non-stratified liquid. The amplitude 
of the surface waves is modified by stratification. But the principal effect of stratifica- 
tion on the classical solution is the phase shift by an amount «in the asymptotic 
wavetrains. The second term in (5,1) also represents waves of frequency N and ampli- 
tude O (ar~2 Nt)-3/2) which decays to zere as Nt > oo. These are not surface waves 
and their existence is eniirely due to the density stratification. They have no 
antecedents in a non-stratified inviscid liquid. 


As an example, we mention the initial displacement produced bya_ surface 
depression in the form 


no (r) = 10 [1 -( : a4 exp (- =) toe) 


where the surface depression is in the form of a cavity of constant depth yo with a 
concentric lip. The Hankel transform of yo (r) is 


no (k) = 4 no a2 (ka)?_ exp [— 4 (ka)?]. mr tit 


As asymptotic analysis similar to the case of the initially concentrated surface 
disturbance can be carried out without any difficulty. Except the mathematical form 
of the solution, the solution and its essential features will remain unchanged. Hence 
further discussion of this case would bs redundant. 
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ON TRANSIENT DEVELOPMENT OF WAVES 
AT AN INTERFACE BETWEEN TWO FLUIDS 


M.S. FALTAs 
Department of Mathematics, Faculty of Science, Alexandria, Egypt 


(Received 8 September 1988) 


The transient gravity interface waves generated by a harmonically oscillating 
wavemaker immersed vertically in two incompressible fluids is considered. 
The resulting linearized initial value problem is solved using the method of 
generalized functions, and asymptotic analysis forlarge time and distance 
is given for the interface elevation. 


1. INTRODUCTION 


The two-dimensional problem of gravity waves generated by moving oscillating 
surface distributions in a fluid which is unbounded in both horizontal directions has 
been studied by Kaplan! and Debnath and Rosenblat?2 in infinite depth and in finite 
depth respectively. Pramanik? considered the initial value problem of waves generated 
by a moving oscillating surface pressure against a vertical cliff and a uniform asympt- 
Otic analysis was given for the unsteady case. Debnath and Basu4 treated the same 
problem taking into account the effect of surface tension. Faltas® investigated the 
initial value problem of surface waves generated by a harmonically oscillating vertical 
wavemaker immersed in an infinite incompressible fluid of finite constant depth. It is 
the purpose of this paper-to discuss the transient development of two-dimensional 
linearised waves at the interface between two fluids. The waves are produced by a 
harmonically oscillating wavemaker immersed vertically in both fluids. The integral 
representation of interface elevation is obtained through an application of the Laplace 
and the generalized cosine Fourier transforms of the equations of motion. Then the 
application of the stationary phase method combined with the contour integration 
method leads to the asymptotic waves valid for large time and distance. 


2. FORMULATION OF THE PROBLEM AND FORMAL SOLUTION 


We are concerned with the transient development of two dimensional infinitesimal 
wave motion of two superposed immiscible, non-viscous and incompressible fluids 
separated by a common interface. The waves are generated by a harmonically oscillat- 
ing wavemaker immersed Vertically in the two fluids. If the motion is generated origi- 
nally from rest by the oscillations of the wavemaker; it will be irrotational throughout 
all time and we may describe the motion in the lower and upper fluids in terms of 
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velocity potentials ¢ (x, y, t), ¢’ (x, ¥, t) respectively. Take the origin O at the mean 
level of the interface and the axis Oy points vertically downwards along the wave- 
maker, the upper fluid being of infinite depth while the lower one is of finite constant 
depth h. The unsteady motions are produced in the two fluids by the continuous 
oscillations of the wavemaker, let it oscillate horizontally with velocity U (y, 1). 


The velocity potentials satisfy an initial boundary-value problem in which 
Mega OA ery no.) <P hf > 0 ~ (2A) 
v2¢° =0,0<x<0,—c<y<0,1>0 A coal 

with the bottom condition 


o¢ 


= Sool Sica mal 
a 0 on} i (2.3) 
also 
od 
eta aS —oo,t>Q0. aA ae 3 
y 


Neglecting surface tension, the linearised pressure condition is 


ae a ¢' 
—— = — Ai eS yl OME 
at S ot g(l Ss) n, on yj Bp Sib ( ) 


where s (0 < s < 1) is the ratio of the densities of the upper and lower fiuids, » = 7 
(x, t) is the elevation of the interface above its mean level and g is the acceleration due 
to gravity. The linearised kinematical boundary condition at the interface is 


Bene Pee OR) Bre iy ...(2.6) 
am ovr Te ape ; 





At the wavemaker 


=e m U(y,t),0O< y< A, --(2.7) 
, OX = 0o,t>0 
Fe UO — <7 <0] (2.8) 
and the initial conditions are 
¢ = ¢' = 7 = 0, whent = 0. FA re) 


Also we suppose that ¢, ¢’, 7 are defined in the generalised sense of Lighthill®. 


i i ce 
We introduce the Fourier cosine transform with respect to x and the Lapla 


transfrom with respect to ¢ as 
v2) 


if 2.10) 
Fe (k, y, r) = Peal cos kx dx | e-tt F (x, y, t) dt ae &* 
0 0 
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where the suffix c and the bar in the transformed function refer to the consine Fourier 
and Laplace transforms respectively. 


Application of (2.10) to the system (2.1) — (2.9) gives 





d2 — = 2 
ae fe — Ke = | = GLY 38 ee ew £2(2:11) 
d? mite Bary 2 rT 
aye ts a = Rae Ale U(y, r),r > 0 ua 04 5 
d - 
dy ge = 0,ony =A,r > 0 Pe ie) 
apres 
Gyo fab SPR eee aay ...(2.14) 
ge — 3 $= 2 (1-5) % ; 
ee re ey ony =0,r>0, tal Se 
ANTS setae rh Ctrl dy J 


The solution of (2.11) is 


de (k, y, 7) = A (kyr) ekY + B (k, r) ety 


y 


r 2 . ; 
+4] =| kl sinh k(y — z) O(2,r) dz, yy >0  ...(2.16) 
0 


while the solution of eM eah satisfying condition (2.14) is 


—oo 


Ke wd= Cher +e flere ey 0G, nde 
0 


y 


2 : ~ 
+. =| k-l sinh k(y — z) U(z,r)dz, y>0 Bae Wy Ue ie 
0 


where A (k, r), B(k, r) and C (k, r) are functions to be determined. 


The transformed boundary conditions (2.15) are satisfied if 


TRANSIENT DEVELOPMENT OF WAVES 1035 





1 é 
A (k, r) = > Tp [kg (1 — s) + (1 + 5) r2] ne4 34 of 


x U(z,r) dz 





= ] n Ss 2 ae Ae 
od 1 Soraicy aah et 0 Sea) a ea Paes | 
" 0 | 
x U(z,r) dz | 
rim it | 
C(k,r) = zutig 2 | kt et Or) de, 
3 
J 
..(2.18) 
From (2.13), (2.16) — (2.18) we get, 
aoe h 
tT — —re ee = 
3 = pap ne Ussinh kh | U dz + | cosh k (h ~ 2) Uda] 
0 0 
...(2.19) 





NR 


—00 
| 7 ge = k-l {| sinh & (y — 2) Ode + os cosh k (h — y) | 
. 0 


h 
x ek Udz — ¢(sinh ky + s cosh ky) J cosh k (h — z) U dz] 


— c2g (1 — s) (r2 + m?)-1 cosh k (h — y) [s sinh kh dee U dz 


h — 
+ § cosh k (h — z) Udz] da(2.20) 
0 
y 
Al 5 ¥ = can sinh k(y — z) Udz+c(coshky cosh kh 
| 0 


— s sinh ky sinh kA) 


= n a 
x fe U dz — ce®’ § cosh k (h — z) U dz] 
0 0 


=—oo 
+ c2g(1 — s)(r2 + m?)-1 sinh kh e®” [s sinh kh : 


(equation continued on p. 1036) 
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h 
x ek Udz +f coshk (h — z) U dz] 
0 22k) 


where I/c = cosh kh + s sinh kh and 


= (1 — s) kg 
sa s + (coth) kA 





The inverse Laplace and cosine Fourier transforms together with the convolu- 
tion theorem for Laplace transform give : 


oo —-oo 
(x,t) = — 2a J cos kx dk [{cs sinh kh Jf e** dz 
0 


h 
+c f{ cosh k (h — z) dz}. i U (z, t) cos m (t — ) dt] 
0 0 Tulzoer 


d (x,y, t) = 2J/z Tk cos kx dk if sinh k (y — z) U(z, t) dz 


+ cs cosh k (h — y) e ek* U (z, t) dz] 
0 
h 
—c (sinh ky + s cosh ky) § cosh k (A — z) U(z, t) dz] 
0 
— 2ng(i — )J cos kx dk [{c2 cosh k (h — y) 


—°oo 


[s sinh kh f{ e** dz 
0 


h 
+ H cosh k (h — z) dz). J m-1 sin m (t — t) U (z, t) dt] 


Ra Ee zy 
’ co y 
p' (x, Y, 1) = 2a J k-l cos kx dk [J sinh k (y — z) U(z, t) dz 
0 


+ ¢ (cosh ky cosh kh — 5 sinh ky sinh kh) { ek U (z, t) dz 
0 
h 
— c ekyv J cosh k (h — z) U(z, t) dz] 


oo 
+ 2Jrg(1 —s) s cos kx dk [c? sinh kh e*¥ [s sinh kh he 
0 


(equation continued on p, 1037) 
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h t 
x ek? dz + J cosh k (h — z) dz]. J m-1 sin m(t — +) 
0 0 


x U (z, ) do]. ...(2.24) 

In the following we shall consider the velocity of the wavemaker given by 
U (y, t) = u(y ) etut, jrADemod 
Now using the particular form of U (), t) as given in (2.25) in integral represen- 


tations for », ¢, ¢’ are given by 


n (x, t) = —2]m etwt 5 (a (kK) + s b (k)) cosk x dk 
t 
x Jf e-tvl-) cos m(t — 1) dt ...(2.26) 
0 


d (x, ¥, t) = 2)/n ett (IK (k, vy) — (sinh ky + s cosh ky) a (k) 
0 


b (k) 


= 2g 
aahikh ek C08 eae 


+ s cosh k (h — y). 


(a (k) + s b (k)) cosh k (h — y) 


co 

c 

Stel ott dene 
an 6 sy etwt, | 
0 


t 
x cosk xdk. Jf e-t(t-") sin m(t — 1) dt (2:21) 
0 


b' (x, y, ) = 2m ett f K(k, y) —e a (k) + (cosh ky cosh kh — 5 sinh 
0 


2g 
x ky sinh kh) anh Kh ] k-1 cos kx dk + “e (i — S) 


t 
co 
x etwt \=-@ (k) +:s b (k)) sinh khe *” cos kx dk | 


0 0 
x e-tw(t-r) sin m (t — +) dt el LS 
where 
K(k, y) = if sinh k (y — z) u (z) dz 
0 
eke u (z) dz 


a(k)=c j cosh k (h — z) u(z), b(k) =¢ sinh kh J 
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APACE 


; ; a ai 
(x,t) = pe iL we [iw cos mt — msin mt — iw e!wt] 
0 
x cos kx dk PR 57 5) 
$(x,y.1) => ett PIR (Kk, y) — (inh ky + s cosh ky) a (BD 
bad 0 


AGH, -—]k-1cos k x dk 


+ s cosh k (h — y) a5 tee 





2 (ciate es cosh k (h — y) 
+ —g(1-s) | OO SO com EO HY 
x [m cos mt + iw sin mt — m ei] cos k x dk .-. (2,30) 
d' (x,y, t) = = etut | ns (k, y) — e*Y a(k) + (cosh ky cosh kh 
— s sinh ky sinh kh) 
eA ]}k-1 cos k x dk 


co 


2 c (a (k) + s b (k)) sinh kh ek 
~ 2p (= 9 [2 Wt sb d sinh thet yo 
0 
x mt + iw sin mt — m ett] cos kx dk. may pcb §! 


3. ASYMPTOTIC ANALYSIS OF SOLUTION 


We are interested in the waves after a large time ata large distance. To inve- 


stigate the principal feature of the wave motion, it sufficies to work only with the 
interface elevation 7» (x, f). 


Write» = 1+ J 
where 


co 
Tee leven A a(k) + sb (k) 
7 m2 — w2 


cos kx dk me OY 


oo 
2 k) + sb(k) .. : 
J= =| oO se (iw cos mt — m sin mt) cos k x dl (3.2) 
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The first integral represents the steady state solution while the second represents the 
transient solution. It is convenient to rewrite (3.1) and (3.2) as follows. 


2 4 
i > i ~ 
— twt Sat Be 
Z 2a tr Tn, J= ae Jn 
nol 


n=) 





where 





foe] 
h, Io ms = | a Os? (k) (etka oe e~ tka) dk 


Ji, Jo = et(wttkx) dk 





Ww 


(ORS 


ic ee. 


J3, J4 aoe 


Il 


ef (wttk2) dk, 


The main contribution to the asymtotic value of the above integrals for large ¢ 
and x comes from the poles and stationary points of the integrands. It is noted that 
each of the integrals /;, J; and /2 contains one pole at k = ko where ko is the only 
real positive root of the equation 


QC —s) gk _ —= Ww 3 3 
Ta conkh A333) 
In addition the integrals Jo and Js contains are stationary point, atk = k, which 1s 


the root of the equation 


Boa e Aree 


dk 7 
We note that 


d2m __—_m(k) kh — 1)-1[(4h2 k2 — sinh? 2kh) 
aa ate (s sinh 2kh + cosh PAC SI 


+ 4kh (sinh 2kh — 2kh cosh 2kh) — s? (cosh 2kh — 1)? 
-+ 5 (—8h2 k2 sinh 2kh + 2 (2kh — sinh? 2kh) (cosh 2kh 








— 1)] < 0. 


Therefore dm/dk decreases monotonically from [gh (1 — s)]/2 to 0 as k varies from 0 


to co. Hence equation (3.4) has only one real root ki. On the otherhand, the inte- 
grals s, and J4 contains neither poles nor statianary points in the range of integration. 
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Now the contribution from the pole of the integral /; can be evaluated using 
the formula for the asymptotic development of the generalised Fourier transform deve- 
loped by Lighthill6, that is, if f (k) has a simple pole atk = koina < ko < b, then 
as | x | > ©2, 


t f (k) etk® dk ~ ia sgn x et¥o® (residue of f (k) at k = ko) 
a 


+o(-— ) ...(3.5) 


| x | 
Using this formula, it is easy to see that as x -> ©° 


a (ko) + s b (ko) 


iwt (pik z — e-tkor BS Ye BS 
2m (ko) aes Set > 


I~ 


where m’ (ko) is the derivative of m (k) atk = ko. 


The method of stationary phase’ can be used to evaluate the transient component 
of J (that is the contribution from the stationary points) 


tam ap th) + #806004] Tra Le 


e~t[tm(k,) “ky %-7 14, } ( +) 
Ml ES alg See! Ga) 
where Jt; denotes the transient part of J for large ¢. 


Finally we calculate the contribution to J from its polar singularity. This can 
easily be estimated by the formula (3.5), 


a (ko) + s b (ko) 


iwt (etk,x -ik 
2 m’ (ko) eft (etkot 4. eo tk or), 


J polar a ene 


we 9 | 
Write 
N= nse + Nerv 


where %s¢ is the steady state solution and wir is the transient component. The first term 
in 4 is the polar contribution to J and J which is given by 


CATE Ate 
Men cany es se ta ert +0 (4) ...(3.9) 


and the transient solution yr is given by (3.7). 


4. AsymprotTic SOLUTION WHEN BOTH THE F LUIDS ARE OF INFINITE DEPTH 


If the lower fluid is of infinite depth that is when h > co, the functions a(k), 


b (k), m(k), the pole ko and the stationary point k; are all simpler in form and they 
are given by 
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your Re 
a es 1 
a(k) = el cae u (2) dz, b(K) = 7 | ule) de 
0 0 
l—s l+s w2 iT. 2 
m (k) = ae ee — - z.78t 
(k) ie a, gk, ko | =r g wk = 1 +5 4x2 ° 


Therefore in this case, the asymptotic solution for 4 (x, t) can be obtained indepen- 
dently, or from (3.7) and (3.9) by letting formally 4 > oo 
2w 1+s 


1 —— 


g i-s 





(a (ko) + sb (ko)) et t-* ot) eA He 


eee Lats t 
ee eA ee ar (a (ki) + s b (ky)) 














et ee FE] -| ie ee 
1 +s 4x 4 1 +s 4x =] 
shit M e 
l—s gt ne l—s of ges, 
Litae ae Le is42x tsa 4a2) 
We note here that solutions (3.7) and (4.2) is not valid when ko = ki which corres- 
ponds for the case of both fluids are of infinite depth at the point x = : rar : a 


where the corresponding solution breaks down. A special device developed by Wurt- 
ele8 is needed to obtain a solution valid at the critical points. In view of the fact that 
the asymptotic solution for large t is of speciel interest, we shall not work out the 
solution at ko = &1. 


So far the entire analysis has been carried out for an arbitrary function u (y) in- 
volved in the velocity of the wavemaker given by (2.25). It is of physical interest to 
take u (y) as 


u(y) = pond 
where V isa real constant. Therefore we have for the case when both fiuids are of 
infinite depth 

a(k) = — b(kK) =V(L+s2(k + ko). 


In this case, the asymptotic solution for the interface elevation y (x, f) has the 


form 
_qr~— qv. et (wt-(w2/y9)*) 
w 
+ at Sis gt g3l2 Vt x-3!2 
Ja we [(qgt]2Wx)4—}] 





[cos (qgt?/4x — 7/4) 


(equation continued on p. 1042) 
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+ i(q gt/2wx) sin (qgt?/4x — 7/4)} .--(4.3) 
where gq = (1 + s)/(1 — 5). 


5. CONCLUSION 


The above analysis reveals the faet that the transient solution yer as given by (3.7) 
and (4.2) decays rapidly to zero as time ¢ + co, Thus the ultimate steady-state is 
established in the limit and is given by (3.9), [4.1). These solutions represent out- 


j ] 
going progressive waves that propagates with phase velocity +; and ear 


respectively. 


Known results® in the absence of the upper fluid can be made evident by putting 
s = 0. Itis clear from (4.3) that the phase velocity, the wavelength and the ampli- 
tude of the steady state component of ¥ are greater than of the corresponding values 
in the absence of the upper fluid. 
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